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ABSTRACT

A priori error estimation provides information about the asymptotic behavior of the
approximate solution and information on convergence rates of the problem. Contrarily,
a posteriori error estimation derives the estimation of the exact error by employing the
approximate solution and provides a practical accurate error estimation. Additionally,
a posteriori error estimates can be used to steer adaptive schemes, that is to decide the
refinement processes, namely local mesh refinement or local order refinement schemes.
Adaptive schemes of finite element methods for numerical solutions of partial differential
equations are considered standard tools in science and engineering to achieve better
accuracy with minimum degrees of freedom.

In this thesis, we focus on a posteriori error estimations of inixed finite element
methods for nonlinear time dependent partial differential equations. Mixed finite ele~
ment methods are methods which are based on mixed formulations of the problem. In a
mixed formulation, the derivative of the solution is introduced as a separate dependent
variable in a different finite element space than the solution itself. We implement the
H1-Galerkin mixed finite element method (HIMFEM) to approximate the solution and
its derivative. Two nonlinear time dependent partial differential equations are consid-
ered in this thesis, namely the Benjamin-Bona-Mahony (BBM) equation and Burgers
equation. Our a posteriori error estimations are based on implicit schemes of a posteri-
ori error estimations, where the error estimators are locally computed on each element.
We propose a posteriori error estimates by using the approximate solution produced by
H1MFEM and use the a posteriori error estimates to compute the local error estimators,
respectively for the BBM and Burgers equations. Then, we prove that the introduced a
posteriori error estimates are accurate and efficient estimations of the exact errors.

The last part of this study is on numerical studies of adaptive mesh refinement
schemes for the two equations mentioned above. By implementing the introduced a pos-
teriori error estimates, we propose adaptive mesh refinement schemes of HIMFEM for

both equations.
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Chapter 1

Introduction

1.1 Subject of study

Disciplines such as engineering, physics, economics and biology involve many real models
which are translated into solving mathematical models, e.g. partial differential equations
in space and time. One of the well-known mathematical models is the boundary value
problem (BVP). For example, a description of waves in electromagnetic and fluid dy-
namics is represented by a wave equation with specified boundary conditions, which is
often stated as a boundary value problem.

Consistent with the application of the BVP in real problems, the number of numerical
methods and analysis for solving the BVP is rapidly growing. In general, there is no
closed form for the exact solution u of the BVP. Numerical methods as the finite difference
method, the finite clement method, the finite volume method, and spline interpolation
are used as a tool to compute the approximate solution U of the exact solution u.
Motivated by this situation, our study is considering the finite element method (FEM)
for the boundary value problems.

During the approximation of the BVP, it is normal to question “How good are the
approzimate solutions produced by the numerical methods? When should we stop the
computation process and which of the approzimate solutions should be taken as the best

approzimation to the real problem?” In order to answer these questions, one way is to
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perform another approximation in a specified norm of the exact error e,

lellzr = llw = Unllg ,

i.e. by letting the exact error be approximated such as

1Bl e = llell -

Extra concern should be put on deciding the methods to compute values of I, the error
estimator. The computability and cost of computation are factors that are considered
in deciding the efficiency of the error estimation.

In this study, we focus on a posteriori error estimation which is a method to compute
the error estimator. Details about the a posteriori error estimation of finite element
methods can be found in [6, 8] and the references therein. The a posteriori error esti-
mation is based on a situation where we have the approximate solutions Uy which are
generated by a FEM, then our aim is to obtain a quantitative estimate for the exact
error e measured in a specified norm.

A posteriori error estimates provide useful indications of the accuracy of a calculation
and provide a basis for adaptive mesh refinement schemes. We will give the details of

a posteriori error estimation in Chapter 3.

1.2 Scope of study

This study focuses on a posteriori error estimation of a mixed finite element mnetlhiod
(mixed FEM) for the Benjamin-Bona-Mahony equation and Burgers equation. The
mixed FEM is a FEM which is based on a mixed formulation of the problem. In a
mixed formulation, the derivative of the solution u is introduced as a separate dependent
variable in a different finite element space than the solution itself. In this study, we
implement the H'-Galerkin mixed finite element method which is based on the procedure
introduced by Pani [45]. Our scope of study can be categorized into three main parts.
The first part is devoted to a posteriori error estimation of the H'-Galerkin mixed
finite element method for the Benjamin-Bona-Mahony equation. The Benjamin-Bona-

Mahony equation is a nonlinear equation which is widely used in modelling physical
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problems involving long waves. The Benjamin-Bona-Mahony equation is studied by
Benjamin et al. as an alternative to the Korteweg-de Vries equation for describing
unidirectional long dispersive waves [12].

Secondly, we study a posteriori error estimation of the H!-Galerkin mixed finite
element method for the Burgers equation. The Burgers equation is a well-known equation
and named after Johannes Martinus Burgers [18, 19]. The Burgers equation is also known
as a nonlinear diffusion equation, and a simplified version of Navier-Stokes equation. We
will give details about the H'-Galerkin inixed finite element method, the Benjamin-
Bona-Mahony equation and the Burgers equation in the following chapter (Chapter 2).

The last part of this study is on adaptive schemes for two equations mentioned
above. The a posteriori error estimates are known as a fundamental component in the
designation of efficicnt adaptive algorithins for solving partial differential equations. By
implementing the a posteriori error estimates introduced in the first two objectives,
our third objective is on numerical studies of adaptive schemes for the Benjamin-Bona-

Mahony equation and the Burgers equation.

1.3 Structure of thesis

This thesis consists of six chapters. Chapter 1 is the introduction. In Chapter 2, some
important function spaces, theorems and results are reviewed. We complete Chapter 2
with an introduction for H'-Galerkin mixed finite eleinent method, the Benjamin-Bona-
Mahony equation and the Burgers equation.

Chapter 3 is devoted to a general framework of a posteriori error estimation. In
this chapter, we present some known a posteriori error estimation techniques and the
procedure of a posteriori error estimation considered in this study.

In Chapter 4, we present the first contribution of the thesis which is a posteriori
error estimation of H!-Galerkin mixed finite element method for the Benjamin-Bona-
Mahony equation. In this chapter, we propose some error estimators to compute the
error estimation of the Benjamin-Bona-Mahony equation. We prove that the introduced

a posteriori error estimates are accurate and efficient approximations of the exact errors.
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We finish this chapter with some numerical experiments.

Our second contribution (Chapter 5) is a posteriori error estimation of H!-Galerkin
mixed finite element method for the Burgers equation. This chapter consists of analysis
and numerical studies of a posteriori error estimation of H'-Galerkin mixcd finite element
method for the Burgers equation.

Our third contribution (Chapter 6) is numerical studies of adaptive schemes for
the Benjamin-Bona-Mahony and Burgers equations. We present the procedure of the
adaptive schemes for both equations where the approximate solutions are computed
by H!'-Galerkin mixed finite element method and the a posteriori error estimations are

proposed in Chapter 4 and Chapter 5. We finish the chapter with numerical experiments.



Chapter 2
Preliminaries

This chapter provides a range of fundamental results which will be used in the remain-
der of the thesis. We begin by introducing some important function spaces. We then
introduce the fundamental results for variational formulation of differential equations.
Important theorems and results that will be used in the analysis of finite element methods
are introduced in the next section. We finish this chapter with an introduction on finite
element discretization, the H!-Galerkin mixed finite element method, the Benjamin-
Bona-Mahony equation and the Burgers equation, respectively in Section 2.5, Section 2.6

and Section 2.7.

2.1 Function spaces

All of the results stated in this section arc well-known and can be found in different
literatures; see e.g. [16, 53]. Since the equations we study in this thesis are posed in one
spatial dimension, we mention only results for this case.

We let £2 = (a,b) be an open subset in R and u be a scalar function defined on (2.

For p € [1,00], the Lebesgue space LP({2) is defined as
LP(2) = {u: 2 - R ull Loy < o0}-

The LP(£2)-norm is defined by

ol = ( [ et dw)w,
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for 0 < p < 0o, and
[ull ooy == Inf{C = 0 : |u(z)| < C for almost all = € n}

for p = co. A special role is taken when p = 2. The L?(£2) is a Hilbert space with the
inner product

(U, V) 20 = /Qu(ar)v(x) dz  u,v € L*(9)
and the norm ||u| 12 (0.

Let C™(£2) be the space of all functions ¢ : 2 — R such that ¢,¢/, - ,¢™) are
continuous on f2. The space C[*(2) denoted the space of all functions ¢ € C™ such that
¢(z) = 0 for all z € 2y for some bounded subset (2 of (2.

We recall the definition of derivative in a weak sense. A function u € LP((2) is called

the weak derivative of order m = 1,2,3,... of a function v € LP(£2) if

/u(m)gzﬁ(m) dr = (—1)'"/ v(z)¢™ (z)dz VY € CT().
e} £

In the following part, we recall the Sobolev spaces and norms to be used in this thesis.

The Sobolev space W;(Q), 1<p<ooand k=1,2,...1is defined as

We(2) = {ue LP(2) : v/ u", - ,uPexist in the weak sense}
and W;(Q) norm is defined by

f " 1/p
““”Wzgc(n) = (; HU(Z) Ln(n)> '

When p = 2, we have W§(£2) = H*(12), which is a Hilbert space equipped with the

inner product
(u,'u}Hk(Q) = / ('wu +uv 4+ u(k)'u(k)) dz Vu,v e H¥(),
J 2

and norm

2 1/2
) Vu € H*(0).
(92)

HuHHk(Q) = (“uHiZ(Q) + HulHiz’(Q) +-+ Hu(k)' L2

The space HE(S2) contains all functions in H*(f2) whose traces are zero at a and b.

In the case p = co, WX (£2) norm is defined by

_ @
lullwe (o) : 0%%”“ HLw(n)'
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2.2 Notations

In the remaining part of the thesis, we use the following notations for the norm spaces
and inner products. For any p € [1,0] and any normed vector space D, by LP(D) we
denote the space LP(0,T; D) of all functions defined in [0, T}, with values in D. We will
write ||| po(zo0) and || || Lo g1y instead of ||| p» (oo (py) and Il Lo a1 (py)- We will also write
HO(D) = L?(D). The H*(D) norm, for n =0,1,... is represented by ||u(t)||,, instead of
u(®) || g (py- Similarly, we will write lullwy, (gny instead of [[ully o 7mm (D))

In general, the inner product in H*(X) is aenoted by (") ys(x), where s =0,1,...
and X is a subset of R. In particular, when s = 0 and X = {2 we write (-, -), instead of
() po()- When s =1 and X = 2, we write (-,-); instead of (-,-) p(g)-

Besides that, when there is no confusions we omit the dependence of the function on
t to avoid crowded notations. For example, we write (u,v), instead of (u(t),v(t)) gs(0)-

Finally, for { > 0, we define the local inner product in H*(f2;) by

(u,v)s 0, = / u(z)v(z)de Yu,v € H*(2). (2.2.1)
, o

2.3 Important theorems and results

The following well-known results will be frequently used. They are recalled here for the

reader’s convenience.

Theorem 2.3.1 (Imbedding Theorem [16, Theorem 1.4.6]). Let k be a positive integer

and p be a real number in the range 1 < p < co such that
k>1 when p=1
k>1/p when p>1.
Then there is a constant C such that for all u € W;(Q)
el oo () < C llellwp ey -

Lemma 2.3.2 (Gronwall’s Lemma [11, Theorem 4.2] or [28]). Let o, ¥ and 0 be locally
integrable functions defined on [0,T] which satisfy

6(t) >0 and »(t) <P(t) +/O 6(s)p(s)ds vt € [0,T].
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Then
w(t) < (t) + /Otﬁ(s)w(s) exp {/Stﬁ(r)dr] ds Vtel0,T].

If ¢ is a constant, then

olt) < vep | [ 005)].

Lemma 2.3.3 (General Gronwall’s Lemma [11, Theorem 4.3] or [13, Section 3]). If 8
is a positive constant and 6 is a non-decreasing function satisfying 6(s) > 0 for s > 0,
then the inequality

t

o) <8+ [ Blerdr Ve[0T

0

implies
p(t) <O7Y(t) Vte(0,17]

where ©71 is the inverse of

7 ds
O(o) = — oc>0,
(o) s 005

and T* = min(T, T1) with [0,T1] being the range of ©.
Proof. Let
4
w(e) = p+ [ olptr)ar
Then from ¢(¢) < 9(¢) and the monotonicity of § we deduce

v'(E) lp(t)
0lv(8)]  8lv(0)

IA

1.

_ Ole®)]
= 500

This implies
d
Se(n) <1

By integrating from 0 to ¢ and noting that ©[(0)] = 0, we obtain
el <t

Now if t € [0,T*] then by applying the inverse function ©~!, we obtain 1(t) < O71(¢),

and thus the required inequality follows from ¢(t) < ¥(2). : O
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2.4 Finite element discretization

In this section, we introduce the hierarchical basis functions of finite elenent spaces used

in the thesis. We partition the interval 2 = (a,b) into

a=21 <y < <ITNy1 =D, (2.4.1)
and let hy := x;41 — 23, I = 1,...,N, and h := max; h;. We define the linear basis
functions by using the hat functions ¢;; on (z;_1,2141) for [ =2,..., N, ie,

T—Ti_1

hi_1 -1 <z < 7y,
¢n(z) = § 1=t <
u hi T < T < ZTpga,

0, otherwise.

At the endpoints of 2 we define

B2, m <z <z,
o11(z) = (2.4.2)
0, otherwise,
and
I—IN < .
5o TN ST <IN+,
pnpra(z) = (2.4.3)

0, otherwise.

Forl=1,...,N and k = 2,3,4, ..., functions ¢, are defined as antiderivatives of the

Legendre polynomials P;_; of degree k — 1 scaled to the subinterval [zj, z;41], L€,

bk (x) = (2.4.4)

0, otherwise.

Figure 2.4 shows functions ¢, of degree k = 2,...,5 on the reference element [-1,1].

Let S;, be the space of piecewise linear functions on {2 i.e.,

Sp, = span {¢11, P21 .., dN41,1},

and éh its subspace consisting of functions vanishing at @ and b, i.e.,

Sy, := span {21, ..., dN1}-
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0.4

,\"w o s o}
D6 R - [P——. Y I
- k=4

k=5

Figure 2.1: Hierarchical shape functions of degrees 2 (—-), 3 (solid), 4 (——) and 5 (--)

on reference element [—1,1].

The spaces of bubble functions in {2 are defined by
SF = span {¢1k, ..., Nk}, k> 2,

where, for { =1,...,N and k= 2,3,4, ..., ¢ is defined by (2.4.4).
For p € N and p > 2, let V} and V,’; be finite dimensional subspaces of H!(f2) and

H}(92), respectively, defined by

P p
VD=8 + > SF, and V=8 + ) SE (2.4.5)
k=2 k=2

With x5, € VP and wy, € VI, we have the following approximation properties

i (Il 100~ xall } < OB fuly Va € BY@PEP(9) (246)
XhEVE,

and

inﬁ}p {Ilv = wnllg + R 10s(v — w)llg } < CHPH ull,y, Vv e HPFY(Q).  (24.7)
whE h
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2.5 H!-Galerkin mixed finite element method

The mathematical analysis and applications of mixed FEM have been widely developed
since decades ago. For example, a general analysis for this kind of methods is studied
by Brezzi [17]. A mixed FEM is a type of FEM which is based on a mixed formulation
of the problem. The mixed FEM is originally considered for problems where there are
possibilities of having numerical ill-posedness if discretized by using the normal FEM.
An example of such problems is computation of stress and strain fields in an almost in-
compressible elastic body. Besides that, the mixed FEM is also applied for cases where
we have to discretize the gradient of the solution. The need to approximate the gradient
of the solution is originated from solid mechanics problems which require more accu-
rate approximations of certain derivatives of the displacement [16]. The mathematical
elements of classical mixed FEM can be found in the books on mathematical theory of
FEM [16, 53].

By using mixed FEM, the original problem is reformulated into a problem of two
bilinear forms and two finite element spaces. As an example we consider the following

one dimensional parabolic partial differential equation:
Owu(z,t) — Opgu(z,t) = f(z,t), z€NN=(0,1), te€(0,T], T<oo, (2.5.1)
with boundary conditions
u(0,t) = u(1,t) =0, tel0,T], (2.5.2)

and initial condition

u(z,0) = up(z), =z € £ (2.5.3)

By using a mixed formulation, the derivative of the solution  is introduced as a second
unknown. The second order problem is reformnulated into a system of first order cquations

having the form

(z,t) = dgu(z, ), (2.5.4)

Owu(x,t) — Opv(z,t) = f(z,t) (2.5.5)
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with boundary condition (2.5.2) and initial condition (2.5.3). We note that, with a €
H(£2) and 8 € H(£2) are arbitrary test functions, the solution (u,v) € H°(£2) x HY (D)

also solves the weak formulation

(W(t), g = — (u(t), Opa), Yo € HY(R) (2.5.6)

(Buu(t), B)o — (Da0(t), B)o = (/(2), B)y VB € H(2). (2.5.7)

It should be noted that the boundary condition u = 0 (see (2.5.2)) is implicitly contained
in the formulation (2.5.6)—(2.5.7). Using integration by parts in (2.5.6), we have

(v, a)g = — (U, Ozax)y = (Oput, v)g  Vax € HY(0),

and hence, formally, v = d;u in {2 and u = 0 at the endpoints of 2. Since v = d;u from
(2.5.6), noting that d,v € H°() and taking 8 = dyu — 9, — f € HY(2) in (2.5.7), we
have (2.5.1).

This way of mixed formulation needs two finite dimensional spaces W C H?(£2)
and V C H'(£2) which are required to satisfy inf-sup condition or Ladyzhenskaya-
Babugka-Brezzi (LBB) condition to have a stable numerical scheme. Details of the
mixed formulation by classical mixed FEM for a general parabolic partial differential
equation can be found in [30].

In this study, we implement a mixed FEM called H 1_Galerkin mixed finite element
method (HIMFEM) which is based on an approach suggested by Pani et. al for nonlinear
parabolic equations and second order hyperbolic equations [45, 46]. The HIMFEM is
closely related to least square mixed methods in that the second order partial differential
equation is reformulated into a system of first order partial differential equations with a
new unknown defined as the flux. Studies on the least square mixed finite element method
can be found in [20, 21, 49, 48] and the references therein. By using the HIMFEM, a
problem is reformulated into a system of first order partial differential equations, which
allows the approximation for v and its gradient v.

As an example, we consider parabolic partial differential equation (2.5.1)—(2.5.3).

Using the HIMFEM, equation (2.5.1) is reduced to a systein of first order cquations
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by defining a new variable v = d;u. As a consequence, we have (2.5.4)—(2.5.5). By
multiplying (2.5.4) by dza and (2.5.5) by —8,3 where a € H}(£2) and 8 € H'(2) we
have

(v,8,0)g = (Bpu, O, Va € HE () (2.5.8)

and

(Bv, BYg + (00, 8a8)g = — (f,828)q VB € H'(12). (2.5.9)

For the first term in (2.5.9), we have used integration by parts and the Dirichlet boundary
conditions d;u(0,t) = dyu(1,t) = 0.

The weak formulation by HIMFEM is formulated as: Given ug € Hg(£2) N H2($2),
find (u,v) : [0,T] — HI(R2) x HY(2), satisfying for ¢ > 0

(u(t), Bpa)y = (Ozu(t), 0za)y Ve € H)(R2) (2.5.10)
(Bv(t), B + (Bz0(t), 8uB)g = — (f(1),8:8)y VB € H'(£2) (2:5.11)

and for £ =0,
(0(0), B)g = (Oru0. By VB € H'(). (2.5.12)

If u e WL(0,T; Hy(2) N HA(R2)), v € WL(0,T; H}(£2)) and (u,v) satisfies (2.5.10)—
(2.5.11) then (u,v) satisfies (2.5.4)—(2.5.5). Indeed, by using integration by parts we
deduce from (2.5.10) that 9,(v — du) = 0 € WL (0, T; H(£2)), which implies

v(z,t) = Opu(z,t) + g(t) ae. in £2x(0,T) (2.5.13)
for some function g depending on ¢. We note that we also have
v(z,0) = du(z,0) + g(0).

By integrating over {2, noting (2.5.12), we infer g(0) = 0. On the other hand, it follows
from (2.5.13) and (2.5.11) (with § = 1) that

/ Opeu+g'(8) =0, (2.5.14)
Q

implying ¢'(t) = 0. Hence g = 0, i.e. (u,v) satisfies (2.5.4). This immediately gives
(2.5.5).
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Some of the attractive features of the HIMFEM are firstly this method does not
require the LBB condition. Secondly, finite element spaces of u and v are allowed to be
of different polynomial degrees. For example, by using the HIMFEM, the approximate
solutions Uy and Vj, of the finite element spaces V¥ and VI (see (2.4.5)) are allowed to
be of different polynomial degrees, i.e. we can have different values of p and g where
p,q > 1. Thirdly, this procedure required extra regularity of the solution which gives a
better order of convergence for v, in H°(§2) norm [45]. For one dimensional cases, the

orders of convergence obtained by HIMFEM are
|u— Unl, < Chmnpatl) (2.5.15)

and

llv — Vil < Chmint+La), (2.5.16)

which are comparable with results generated by a classical mixed FEM. Details of the
mixed formulation by the HIMFEM for a general parabolic partial differential equation
can be found in [45].

In 2007, the HIMFEM is adapted for a priori error estimation of the Burgers equa-
tion [47]. Besides that, Tripathy et. al studied on the superconvergence properties of
the HIMFEM for second order elliptic equations [56]. Recently, Zhang et. al studied the
H1MFEM with the linearised Crank-Nicolson for couple BBM equations [59].

In this thesis, we are interested in a posteriori error estimations of the HIMFEM for
the BBM and Burgers equations. Mixed finite element methods allow approximation to
the solution of the BBM and Burgers equations and its derivative, by reformulating the
BBM and Burgers equations into a system of first order equations. Thercfore, instead
of dealing with second order nonlinear partial differential equations, the problem is re-
formulated and the computation is less hard compared to the approximation by using
a normal finite element method. Mixed finite element methods give better orders of
convergence for the unknown derivative by requiring extra regularity of the unknown.
To the best of our knowledge, this is the first time the procedure of a posteriori error es-
timation in this study (to be explained in Chapter 3) is applied to the BBM and Burgers

equations, where the approximate solutions are computed by using the HIMFEM.
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2.6 The Benjamin-Bona-Mahony equation

The Benjamin-Bona-Mahony (BBM) equation
Opu(z,t) — Opgru(z, t) + ulwz, t)0gu(z, t) + Opu(xr,t) = 0, (2.6.1)

where 8y = 3/0t, Oyt = 0% /0120t and 8, = 0/0x is studied by Benjamin et al., with
u(z,t) being considered in a class of real nonperiodic functions defined for —oo <z < oo
and t > 0 [12]. The BBM equation is studied in flows of fluid. Examples where the BBM
equation is used are acoustic-gravity waves in compressible fluids, hydromagnetic waves
in cold plasma and acoustic waves in anharmonic crystal.

The BBM equation is studied as an alternative and improvement of the Korteweg-de

Vries (KdV) equation
Oyu(z,t) + Opgau(z, t) + u(z, t)0pu(z, t) + Ogu(z,t) = 0, (2.6.2)

particularly for describing unidirectional long dispersive waves. In general, the KdV
model in physical science and engineering has difficulty with the dispersion ratio; a
ratio of dispersion’s effect in a medium, when a wave is travelling within the medium.
The dispersion term 8;zzu in the KdV model has a tendency to emphasise the short-
wave components which is unnatural with respect to the original physical problem. The
dispersion relation dzz+u in the BBM model overcomes this difficulty by giving a bounded
dispersion relation [37]. Besides that, modelling with the BBM equation also overcomes
the stability problem with high wave number components in the KdV model.

Details on the uniqueness and stability of the BBM model for long waves in nonlinear
dispersive systems can be found in [12]. The existence and uniqueness of (2.6.1) and
its non-homogeneous form are studied by Benjamin et al. Besides that, the uniqueness,
global existence and continuous dependence of solutions on initial and boundary data for
model equation (2.6.1) with an additional term —d,,u are studied by Bona and Dougalis

[14]. Another general case of the BBM equation, namely
atu(I:t) - azztu(zvt) + azf(u) = g(z,t) (2'6'3)

where f € C1(R) and g € L*(0,T; L%(0,1)), is studied by Medeiros and Miranda [39].

They prove existence, uniqueness and regularity of (2.6.3). The BBM equation is also
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studied for periodic solutions (periodic with respect to the z variable) [23], [38]. For
higher dimensions, a study on the existence, uniqueness and regularity is conducted by
Goldstein et. al [27].

Since decades ago, initial boundary value problems for various generalized BBM
equations have been studied. For example, in [32], a linearised method which is based on
a differential quadrature method is studied as a new method to approximate the BBM
equation on a semi-infinite interval. A linearised Crank-Nicolson HIMFEM is studied for
coupled BBM equations in [59]. Besides that, a numerical study on the BBM equation
with a mixed FEM (differently from the method studied in Chapter 4 of this thesis) can
be found in [33]. In this study, we are interested on a posteriori error estimation for the

BBM equation, where the approximate solutions are computed by using the HIMFEM.

2.7 The Burgers equation
The Burgers equation
Byu(x, t) + u(z, t)0pu(s,t) = Vogou(x,t) (2.7.1)

is a fundamental one dimensional nonlinear partial differential equation occurring in var-
ious areas of mathematical modelling, particularly in mathematical models of turbulence
and shock wave theory. Solution u(z,t) can be considered as a quantity of a velocity for
space z and time ¢. The value of v is a small parameter known as a viscosity coefficient
of the fluid motion, which is related to the Reynolds number E = % The Burgers model
has been studied as the simplest form of nonlinear advection term ud;u and dissipation
term vOyzu for simulating the physical phenomena of wave motions.

Since decades ago, the Burgers model became an interest of researchers due to the
tendency of a steep gradient (shocks) which almost becomes discontinuous when the

viscosity coefficient ¥ =0 in (2.7.1) ie.
Oyu(z,t) + u(z, t)0gu(z,t) = 0. (2.7.2)

Equation (2.7.2) is also known as inviscid Burgers equation.
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Because of the nonlinear convection term and the occurrence of the viscosity term,
the Burgers equation (2.7.1) shows similar features with Navier-Stokes equation and it
is viewed as the simplified version of the Navier-Stokes equation. Due to the complexity
in obtaining the analytical solutions, many researchers have used numerical methods as
a tool to approximate the solution, e.g. finite element methods and spline interpolation.

In 1950, Hopf and Cole introduced a method to solve (2.7.1), which is known as
a Hopf-Cole transformation [29]. By the Hopf-Cole transformation, a new dependent

variable w(z,t) is introduced such that
u(z,t) = —2v <——
A
Then, the nonlinear Burgers equation (2.7.1) is transformed to a linear heat equation
Orw(z,t) = v w(x,t).

Since the heat equation is explicitly solvable in terms of the so-called heat kernel, then
the general solution of the Burgers equation can be obtained. There are many numeri-
cal studies conducted which are relied on the Hopf-Cole transformation of the Burgers
equation, e.g. [43, 44].

There are many studies have been done on the numerical methods for the Burgers
equation. Numerical studies of Burgers equation by FEM can be found in [4, 25, 43]. A
series of study on application of FEM and spline in approximating the Burgers equation
can be found in [5, 31, 44, 60] and the references therein. Some studies on the a posteriori
error estimations for the Burgers equation are studied by Patera et.al [41, 50].

Considering the importance of the Burgers equation as a mathematical model of
turbulence and shock wave theory and a simplified model to study the Navier-Stokes
equation, we are interested to study the error estimation of the Burgers equation. In
this study, we focus on approximation of the Burgers equation without the Hopf-Cole
transformation. We first implement the HIMFEM to compute the approximate solution
of the Burgers equation. Secondly, we design a posteriori error estimation for the Burgers

equation, using the approximate solution produced by the HIMFEM.



Chapter 3

A posteriori error estimation: a

general framework

In this chapter, we give the general framework of a posteriori error estimation in finite
element analysis. We begin this chapter with an introduction about a posteriori error
estimation, and properties of a good a posteriori error estimation. Section 3.2 is devoted
to discussing some known a posteriori error estimation techniques. We finish this chapter
with a discussion on a posteriori error estimation for time dependent partial differential

equations in Section 3.3.

3.1 Introduction

Error estimation of finite element solutions has been studied since the late 1970s [6].
A priori error estimation gives information about the asymptotic behavior of the ap-
proximation. With a priori error estimates, we obtain information on convergence rates
of the problem. This is not enough to give a quantitative error information of the prob-
lem.

On the other hand, a posteriori error estimation derives the estimation of the exact
error by employing the approximate solution and provides a practical accurate estima-
tion. Additionally, a posteriori error estimates can be used to steer adaptive schemes,

that is to decide the refinement processes, namely local mesh refinement or local order
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refinement schemes. After having computed an approximate solution, it is possible to
obtain a posteriori error estimates which give quantitative information about the accu-
racy of the solution. A posteriori error estimation of finite element solutions for one
dimensional problems have been first studied by Babuska et al. in 1981 [8]. Babuska ct
al. developed the theory for a posteriori error estimates under any LP-energy norm for
2<p<oo.

In general, a good a posteriori error estimation should have several properties. Firstly,
an error estimator should be accurate in the sense that it is close to the exact error. Sec-
ondly, the error estimation should be applicable for a wide range of mesh spacings and
different polynomial degrees. Thirdly, the procedure of computing the error estimators
should be inexpensive relative to the cost of computing the approximate solutions. This
means, the error estimator should be computed locally on each element. The localization
of the error estimate equations to the element level is a key step in reducing the compu-
tation cost in dealing with the global problem. This theme is applied in the derivation
of all a posteriori error estimates. Lastly, an error estimation should be possible to be
applied in the refinement process in adaptive schemes. Error estimators which are cow-
puted locally for an element provide an indication about where approximation accuracy

is insufficient and where the refinement process should be applied.

3.2 Techniques of a posteriori error estimation

In this section, we mention some of the known a posteriori error estimations. The
materials contained in this section are mainly taken from the book by M. Ainsworth and
J. T. Oden [3].

In order to discuss the techniques of a posteriori error estimation, we consider a one

dimensional model elliptic boundary value problem of finding the solution u of
—u(z) + u(r) = f(zr) e 2=(0,1), (3.2.1)

where f € H%(2) and u = 0 at the endpoints of 2. A weak formulation of the problem
is to find u € H(2) such that

B(u, ) = (f,a), Vo€ H&(Q)
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where 2(-,-) represents the H!(2)-inner product.

Let Uy € VZ be a finite element approximation of v such that
B(Un, an) = {f,an)y Vo, € V],

By noting the weak formulation and the finite element approximation, the residual equa-

tion of the exact error e = u — Uj, satisfies
Ble,a) = (f,a)g — B(Un,a) Vo€ H)(9). (3.2.2)

The first two techniques are explicit and implicit schemes of a posteriori error estima-
tion. The third technique of a posteriori error estimation is the recovery methods. And
finally, the forth technique is a posteriori error estimation which is based on hierarchical

bases.

Explicit schemes

Explicit schemes involve a direct computation using available data in which the error
estimators are computed directly from the finite element approximations. As an example,

the residual equation (3.2.2) of the exact error is decomposed into local contributions

from each element [ for [ =1,..., N, namely
N
Ae,0) =Y {(f.0dog ~ BUna)} Vae H(),
I=1

where %(-,-) represents elementwise of the bilinear form, on §2;. Let U} and U}/ be the
piecewise first order and second order derivatives of Uy. By using integration by parts

on (Uy,a')q p, of Z1(Ur, @) and rearranging the terms, we have

N
Ble,a) =Y (R,a)y, Vo Hy(R2)
=1

where R = f + U}/ — U}, is the element residual. Recalling the Galerkin orthogonality
condition

Ble,on) =0 Yap e VP

and introducing the interpolation operator Il : H& — Vﬁ , we have

N
%(37 (1{) = Z <R o — Hha)O,.(Z[ Yo € Hé (‘Q)
=1
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Then, by using the Cauchy Schwarz inequality elementwise and
[l = Hha”HO(_Ql) < Chy ”a”Hl(Ql)

. with h; is the diameter of £2;, the error estimate is computed such that

N 1/2
llell g2y < {Z Chi ”R“?—Io(m)} : (3.2.3)

=1
Explicit estimators are derived originally by Babuska and Rheinboldt for problem
posed in one space dimension [7]. Babuska and Rheinboldt show the existence of unique
mesh distribution for a two point boundary value problem by using the explicit a pos-
teriori error estimates. Explicit schemes generally require less computational effort but
involving compromises in robustness and utility as a way to have an accurate and quan-

titative error estimation [3].

Implicit schemes

On the other hand, implicit schemes involve the solution of an algebraic system of equa-
tions. The interest in implicit schemes results from the fact that in explicit schemes
the whole information for the total error is obtained only from the computed solution,
when it might be possible to obtain more accurate information on the error by solv-
ing additional auxiliary problems. It is known as implicit error estimator because the
approximation of the error must be solved over each element to determine the error es-
timator. The global problem is replaced by sequence of uncoupled local bounda.ry value
problems which are posed either over a single element (element residual method) or over
a small patch of elements (subdomain residual method). The error estimator is obtained
by evaluating the norms of the solutions of the local problems and summing the local
approximations over the elements.

In general, the subdomain residual method involves a decomposition process of the
global error equation into a number of local residual problems on small element patches
with homogeﬁeous Dirichlet boundary conditions. Consider this method in our model

problem for a mesh of N nodes. Let ; € Vﬁ be the shape function corresponding to
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node i. These functions are characterized by the conditions
Vi(w;) = bij,

where z; is any of the N nodes and

N
> il@)=1 zef (3.2.4)
i=1

We introduce on each patch of elements, £2; as the support of node function 1/; containing
z;. Using (3.2.4), equation (3.2.2) is replaced by a sequence of independent equations

posed on small subdomains such that

N N
Be, ) = <f,a2wi> ~ BUn, 0y _45)
=1 0 i=1

N

N
= (frai)g— Y B(Un,anps) Vo € HJ(2). (3.2.5)

i=1 i=1
The function at); is supported on the set 2; and vanishes on the boundary. Therefore,
it follows that aa; belongs to the space H&(fZi). The local bilinear and linear forms

associated with this space are respectively given by

Bi(u, o) = /_ (ue+v'd) dz
02

and

(fra)g, = /f) fadz.

The subdomain residual problem consists of finding ¢; € H(}(r}i) such that
Bi(es,a) = (f,a)g, — Bi(Un,@) Vo € Hy((%). (3.2.6)

By referring to (3.2.5), the error estimator 7; associated with the subdomain 2; is taken
to be
i = llell g

and the global error estimator 7 is computed by summing the contributions from the

N 1/2
n= {Zn?} :
=1

subdomains
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There are two disadvantages of this method. Firstly, the local patch problems are rather
expensive to solve accurately. Secondly, each element is treated several times according
to the number of patches associated with it. Solving local problems posed over individual
elements (element residual method) is an alternative to overcome these disadvantages.

In the element residual method, a local error e; is defined on a single element [, i.e.

@l(el,a) = (f, a>0,-Qz - @Z(Uhaa) Ya € H&(Ql), (3.2.7)

[th whereas the subdomain §2; is a union of 2’s. It is noted

recalling that {2 is element
that all of the local errors e; have disjoint supports and thus, are orthogonal in Hj(£2).
Then the local problem means to find a function e; € Hj(§2;) that satisfies (3.2.7). With

the solution e; of the single element known, the error estimator is computed by using

N
el = D lellzn g -
=1

In this study, we implement an implicit scheme of a posteriori error estimation, where
the error estimators are locally computed on the elements. Details of the implicit scheme

a posteriori error estimation consider in this study will be explained in Section 3.3.

Recovery methods

The main idea of this technique is to smoothen the gradients of the finite element solution.
Then, the error estimator is computed by comparing the unsmoothed and the smoothed
gradients of the approximation. Let the approximation to the gradient of the exact

solution be denoted by G{[Uy], then the a posteriori error estimator is taken to be

= / GV, - Ul 2da.
2

This technique uses the fact that the gradient of the finite element solution is gener-
ally discontinuous across the interelement boundaries. The main ingredient is on the
derivation of the recovery operator G. Since the finite element approximation Uy, is itself
piecewise linear, meaning that the same numerical procedures already present in the
finite element code may be reused to store and handle the post-processed gradient G.

As an example, the post-processed gradient is measured by interpolating the gradient of
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the finite element approximation at the centroids of the elements that sharing the node.

Then the estimator associated with element [ is then defined to be

m= ||G(Uh) - UfIIHHU(.Ql) :

and the global estimator is computed as the summation of i for I = 1,..., N. In some
cases, there is a superconvergence phenomenon, where the unsmoothed approximation
/. is closer to the smoothed gradient G[Up] than to the exact gradient «’, ie. for a

linear interpolation case, we have
|G(Un) - U;IHHO(.Q) <Cn?

and

o/ = Uil oy < O

Hierarchical bases error estimates

A study on general theory of hierarchical a posteriori error estimations can be found in
[10]. Details of an analysis of hierarchical bases error estimation technique can be found
in [3, 10] and the references therein.

The hierarchical bases error estimate is based on the idea of obtaining the computable
error estimates by solving the problem of interest using two discretization schemes of
different accuracy. Then, the estimate of the exact error is measured from the difference
in the approximations. There are two ways in enriching the space, for example by
augmenting the original space with higher order basis functions or by using uniform
refinement on the mesh used to construct the original space.

Suppose that the finite element approximation Up € V,f is known. Let the finite
dimensional subspace W,’I’ C H}(£2) be an enrichment of the original finite element

subspace V,’I’ . It is assumed that these spaces satisfy
VENWE = {0}.
An improved approximation of the exact solution u is obtained from the space

V= VP e WP
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by solving
B(U,of) = (f.ah)y Vo € VB (3.2.8)

As mentioned before, the enhanced space V2* can be constructed by augmenting the
original space Vﬁ with higher order basis functions or by using a uniform refinement of

the mesh to construct the space V}’Z Let U} be the solution of (3.2.8), then

lell 1oy = v = Unllg oy = 1Ux = Unllga oy = €l i) -

The difference between two approximations Uy — U}, will provide a computable estimate

for the error.

3.3 A posteriori error estimation for time dependent par-

tial differential equations

The solution of time dependent partial differential equations is involved in many engi-
neering applications. From a numerical point of view, in addition to the usual space
discretization, a time discretization has to be applied for time dependent problems.
Moreover, the relationship between space discretization and time discretization should
be considered to ensure the accuracy of the approximation. In this study, we focus on
nonlinear time dependent partial differential equations, which are the BBM and Burgers
equations.

A posteriori error estimation for time dependent problems considered in this study
is based on the procedure developed by Adjerid et al. for one dimensional parabolic
systems [2]. In their study, a finite element method of lines using hierarchical piecewise
polynomial bases of degree p > 1 is considered to approximate the solution. Then, the
a posteriori error estimates of the spatial discretization error is calculated by solving
local parabolic or local elliptic finite element problems with piecewise polynomial func-
tions of degree p + 1. Details on the analysis and numerical studies of a posteriori error
estimation with finite element methods of lines for one dimensional and two dimensional
linear parabolic systems can be found in [2, 1] and the references therein. This procedure

of a posteriori error estimates is then studied for one dimensional nonlinear parabolic
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systems [40, 54]. In 2005, Tran et al. studied this procedure of a posteriori error estima-
tion with finite element method of lines for a Sobolev equation [55]. The interest points
of this idea include the simplicity of the derivation, the ease of implementation and the
provision of a basis for a local mesh refinement or local order refinement schemes, h and
p refinement, respectively.

As an example, we consider a one dimensional parabolic system
Oru(z.t) + g(u) = Ogzu(z,t) z€2=(0,1), t>0 (3.3.1)
with
u(z,0) =uo(z), z€ 2, u(0,¢t)=u(l,t)=0 t>0, (3.3.2)

where g is a smooth functions satisfying a global Lipschitz condition. A weak formulation

of this problem is to find v € H}(£2) such that
(Bru(t), a)g + (9(w), a)g + (Dau(t), Bza)y =0 Vo € Hy(£2).

By using the FEM, the approximate solution Uy € V,’f of w € H}(£2) is computed by
solving

(8:Un (1), an)y + (9(Un), an)g + (OzUn(t), 0zan)g =0 Vo € %4

Denoting the exact error by e(z,t) = u(z,t) — Up(z,t), we infer that e satisfies the

following error representation
(Bie(t), an)g + (Bze(t), Bzan)y = — (g(Un + ), an)o — (OUn(t), an)y — (82Un(t), Bzan)q

for any ap, € V,’:
Due to superconvergence property at mesh points, we are able to approximate the

exact error e by F having the form

N
E(LL‘, t) = Z El (t)¢l,p+1 (1‘),
=1

where ¢ 511 is defined by (2.4.4). For a given partition (2.4.1), we associate with every
subinterval {2; an error estimator E;, | = 1,...,N. The local error estimator E; is

computable in terms of Uy on {2;, by solving local parabolic or local elliptic equations
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using piecewise polynomials of degree p+ 1. Noting (2.2.1), E is computed by solving a

local parabolic equation

<8tE(t)7 ¢l,p+1>0’gl + (azE(t): 81¢l,p+1>07nl == (g(U + E)7 ¢l,p+1>0,nl - (atU(t)a ¢l,p+1>o,()l

— (81 U(f) ) azqsl,p-i—l > 0,42

or a local elliptic equation

<8ZE(t)7 azqsl,p-i—l)o’()l = - (g(U + E)a ¢l,p+1>0,nl - <8tU(t)7 ¢l,p+1>O,Ql

- (GZU(t), az(z)l,p-i-l)o,_()l :

Since these approximations are locally computed, we are able to identify elements for
mesh refinement in an adaptive scheme. Then, the quality of error estimate F is judged

by the global effectivity index, © which is defined by

~lle®lly

In 2014, Tripathy et al. implement a residual approach of a posteriori error estimation
for two dimensionals parabolic problems with the approximate solution is computed by
the HIMFEM. References on the residual approach of a posteriori error estimation can
be found in [57] and the references therein. By using the residual approach of a posteriori
error estimation of the HIMFEM for parabolic problem (3.3.1)-(3.3.2), the equivalence of
residual equations and exact errors are analysed by using the standard energy argument.
Then, error indicators with respect to both time and space are compared with the residual
equations.

In this study, we use a mixed formulation of finite element methods of lines (HIMFEM)
for the approximations of the solution and its derivative. Then, we propose a posteriori
error estimations of the HIMFEM by using the procedure developed by Adjerid et al. To
the best of our knowledge, this is the first time this way of a posteriori error estimation
is considered for nonlinear equations such as the BBM and Burgers equations, where the
approximate solution is computed by the HIMFEM. Details of the HIMFEM, the BBM

and Burgers equations are stated in Section 2.5-Section 2.7.



Chapter 4

Benjamin-Bona-Mahony equation:

a mixed finite element method

In this chapter, we focus on a priori and a posteriori error estimations of HIMFEM for
the BBM equation. In Section 4.1, we elaborate on a formulation of weak solutions and a
finite element scheme for the BBM equation. Section 4.2 and Section 4.3 are respectively
devoted to the analysis of a priori and a posteriori error estimations. The chapter
ends with implementation and numerical experiments in Section 4.4 and Section 4.5,

respectively.

4.1 Formulation of weak solutions and finite element scheme
We consider the following BBM equation
Opu(z,t) — Opgyu(z,t) + u(z. t)Ogulz,t) + Opu(z,t) =0 z €82, te (0,77, (4.11)
with Dirichlet boundary conditions
u(0,t) =u(1,t) =0, te[0,17, (4.1.2)

and initial condition

u(z,0) = uo(z), =€, (4.1.3)

where 8; := 0/8t, 8, := 0/0%, Ogqr := 9% /0z%0t, T is a positive constant and 2 := (0,1).
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In this chapter, C denotes a generic constant which may take different values at
different occurrences.

Following [45, 47], we use the HIMFEM which reduces equation (4.1.1) to a system
of first order equations by defining a new variable v = 8,u. As a consequence, (4.1.1) is

reformulated as

Oyu(z,t) = v(z,t), (4.1.4)
Bu(z,t) — Opv(z,t) + ulz, )v(z,t) + v(z,t) =0 (4.1.5)

and for t =0
v(z,0) = vo(z) = dguo(x). (4.1.6)

By multiplying (4.1.4) by 8,x where x € H}(£2), we obtain
(Brult), Bux)o = (). )y Vx € H(2).
On the other hand, by multiplying (4.1.5) by —0;w where w € H(£2) we have
(Opu(t), wy; = (u(t)v(t), Bzw)y + (v(t), pw)y Yw € HY(),

where we have used integration by parts and the Dirichlet boundary conditions d;u(0,t) =
Seu(1,t) = 0 for the first term.

A weak formulation of the problem reads: Given ug € H(£2) N H?(£2), find (u,v) :
[0,T] — H3(2) x H'(£2) such that for t > 0

(Banu(t), BaX)g = (v(t), Bux)g  Vx € H3(12), (4.1.7)

(Bpu(t), w); = (u(t)v(t), Fzw)y + (v(t), rw)y Vw € HY(D), (4.1.8)

and that fort =0
(w(0),w), = (vo,w); Yw € HY(), (4.1.9)

where vg = Oz ug.

Lemma 4.1.1. If u € WL(0,T; H3(2) N H?(2)) and v € WL(0,T; H'(2)) and (u,v)
are solutions to (4.1.7)—(4.1.8), then we have (u,v) satisfies (4.1.4)~(4.1.5).
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Proof. To show this fact, firstly by using integration by parts to (4.1.7), we have 0, (v —
dzu) = 0 in WL (0,T; H°(£2)), which implies

v(z,t) = Opu(z,t) + f(t) (4.1.10)
for all ¢ and a.e. in §2, and in particular
v(z,0) = dyu(z,0) + f(0) (4.1.11)

for some function f depending on . Secondly, by integrating (4.1.11) over {2, we obtain

[ o0 = [ osu(z,0)+ 0)
fo) Ja
Noting v(0) = vo by (4.1.9) and vy = Jyup by (4.1.6), we infer that f(0) = 0. By
differentiating with respect to ¢ and integrating over (2, it follows from (4.1.10) that
/ Byu(z, 1) :/ Orzu(z,t) + f(t).
2 2
This together with (4.1.8) with w = 1 yields f'(#) = 0. Hence, we have (u,v) satisfies

(4.1.4). A similar argument using integration by parts gives (4.1.5). |

Let p and ¢ be two positive integers. A semidiscrete approximation to (4.1.7)—(4.1.9)
reads: Find (Uy, Vi) : [0,7] — V? x V{ such that
(B Un(t), Boxn)o = (Va(t), Ouxn)y  Vxn €VE, t€ (0,11, (4.1.12)
(B:Vi (), wr), = (Un(t)Va(t), Ogwn)y + (Va(t), Bzwn)y  Vun € VY, te(0,T],
(4.1.13)
and at t =0

(Vi (0), wp); = (vo,wn); Vws € VY, (4.1.14)

where the finite dimensional subspaces V¥ and V{ are defined by (2.4.5).

4.2 A priori error estimation

In this section we present an analysis for a priori error estimates for the approximation of
the solution of (4.1.7)—(4.1.9) by that of (4.1.12)-(4.1.14). We first show the boundedness
of the families {Up} and {V}}.
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Lemma 4.2.1. If (u,v) and (Un, Vi) are solutions to (4.1.7)-(4.1.6) and (4.1.12)-

(4.1.14) respectively, then the following inequality holds
Ukl oo ooy + Vall oo (poey < C(T).
Proof. Substituting x, = Uj into (4.1.12) and noting Hélder’s inequality, we deduce
10U ()]l < [[Va(®)llq -
By using the Poincaré inequality and the Sobolev imbedding theorem, we obtain
10| oo (2 < C IV @)llg - (4.2.1)
Letting wp, = V, in (4.1.13), we obtain

d ;
o V@17 < 10 pooy IV llg 10V ) lg + VR (E)llo 182 VA (E)lo

< (CIVR®R + 1Va®)lo) 18:Va®)lo

N =

where we use (4.2.1) in the last inequality. Integrating from 0 to ¢, noting from (4.1.14)
that

VOl < Il -
and using the inequality
b2
2ab < ea’® + — Va,b>0, >0, (4.2.2)
we have
t
IVA®IZ < Va1 +C /0 (IVA()IE + NVa()lo ) 18:Va(s)l ds
t t
<0 (1 [ (WRoE+ IAIE) ds) + € [ 1o.vacel ds
¢ 4 2
<o+ [ (MO + 1T IR) ds)

By using Lemma 2.3.3 (with ¢(t) = |[V4(t)||3, a = C, and 6(s) = C(s2 +s) for s > 0) we

deduce from the above inequality

Va2 <C vtelo,T7],
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where T is defined in Lemma 2.3.3. Since

/"7 ds

— =00 as o —0,

Ja 0(s)
we have T* = T'. Therefore, we deduce that

V@i < C(T) Vvieo,T].
This together with (4.2.1) implies

U zoo ooy + IVall poo(zoey < C(T),

thus completing the proof of the lemma. O

It is usual in the error analysis for parabolic equations to consider elliptic projections;
see [53, 58]. We define U, € WL (0,T; V,’:) and Vi, € WL (0,T;V}) satisfying, for t €
[07 T]’

(8zu(t) — 0xUnp(t), BXn)y =0 Vxn € VI (4.2.3)

(v(t) = Va(t),wn), =0 VYuwp € Vi (4.2.4)

Let the errors in the approximation of (4.1.7)—(4.1.6) by (4.1.12)—(4.1.14) be denoted
by e and f3, i.e.,
en(z,t) :=u(z,t) — Up(z, 1) (4.2.5)

and

fr(z,t) == v(z,t) — Va(z,t). (4.2.6)

By defining the following notations

n(z,t) = u(z,t) — Up(z,1) (4.2.7)
((x,t) = Un(z,t) — Un(z,t), (4.2.8)
p(z,t) = v(z, t) - Vi(z, 1), (4.2.9)
E(x,t) = Vi(z,t) — Vi(z,t), (4.2.10)

we then rewrite e and fp, respectively as

en(z,t) = n(z,t) + ((z,t) and fa(z.t) = p(z,t) +£(z,1). (4.2.11)
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Therefore, to estimate ep and fn, we estimate each of the terms 7, {, p, and £&. The
next lemma shows the approximation propertics of the elliptic projections defined in

(4.2.3)-(4.2.4).

Lemma 4.2.2. Assume that u € WL (0,T; H}(£2)NHPYY(82)). Assume further that v €
WL (0,T; H7(£2)). Then the functions n and p defined by (4.2.7) and (4.2.9) satisfy
forj=0,1

In@)ll; < CRP ()4 » (4.2.12)
18 ()l; < CHPHY (| 8gu(t)l oy (4.2.13)
le@ll; < CRIT I |u(t) 441 » (4.2.14)
o)l < R (Ol + 100 4)- (4:215)

Proof. We start with j = 1 for (4.2.12). Noting (4.2.7) and using (4.2.3) we have for any
Xn € VI
182n()l = (Ozu — 85U, 8w — 8:Un),
= <azu - azUha Ozt ~ a:z:)Zh>0 + <a:zru - 8:5[7}7,7 OxXh — azUh,>0
= <azu - 31(7}7,, Ou — azih>0 < Hazu(t) - azUh(t)Ho Hazu(f) - aIXhHO :
Hence by using the Poincaré inequality and (2.4.6) we have
In®)lly < Cll&en@®)llp < € _iléf,p 10zu(t) = BzXallg < ChP [[u()llpyy - (4.2.16)
KheVE
Similarly we prove (4.2.14) with 7 = 1, noting that the H Linner product is used in
(4.2.4).
The results for j = 0 can be obtained by using the Aubin-Nitsche trick [53, 58].
We prove only (4.2.12) for j = 0. Let ¢ € H°(£2) and consider the problem of finding
Y € H?(2) N HL(£2) such that

with ¥(0) = (1) = 0. Recalling that the solution ¢ of (4.2.17) is smoother by two
derivatives in H?({2) than the right hand side ¢, thus we have

%[y < C 10zl = Cliello - (4.2.18)
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For any 1, € V,’; we have

<U - Uha (P>0 =- <’U, - Uh: azz¢>0 = <aa:u - alltUh) az¢>0 = <axu - ath: Oztp — azwh>0
< Hazu - athHO “alt’lp - az¢h||0 :
From (2.4.6), we have
Hazu - 6:::(7}7,H0 < infﬂ ||6x7/f - a:z:Xh“O < Ch? Hu“p-i-l .
XhE€VE
This together with
[0zt — azd’hno <A,
yield
(w—Un, @)y < CRPT ([l 9]l -

Then, (4.2.18) gives

<U - Uh7 90>0 < Ch;p—i_l ||U”p+1 “SDHO :

We obtain (4.2.12) by choosing ¢ = u — Up,.
On the other hand, by differentiating (4.2.3) and (4.2.4) with respect to ¢, it can be

seen that 8,0}, and 8,V}, are respectively the elliptic projections of d;u and v, namely
(Bizu(t) — BizUn(2), Baxn)g =0 Vxn € VI (4.2.19)

and .
(0w (t) — B:Vi(t), wh>1 =0 Vuw, €V (4.2.20)

Therefore, (4.2.13) and (4.2.15) can be proved in a similar way to (4.2.12) and (4.2.14).
a

1t is well-known that the elliptic projection approximates the Galerkin solution better
than the exact solution; see e.g. [53]-[55], [58]. The next lemma shows this property,

namely the superconvergence property of £ and ¢.

Lemma 4.2.3. Assume thatu € WL (0,T; H}()NHPTL(2)) andv € WL (0,T; HIT1(12)).
Then, the following estimates hold

I<llw, (m1y < CAY (||U||Lw(m+l) + ||U||L°°(Hq+1)> (4.2.21)
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and
“§HW°1°(H1) < Ch? (HUHLDO(HP+1) + |I'U||Loo(Hq+1)> , (4.2.22)

where ¥ = min(p+ 1, + 1).

Proof. Firstly, by subtracting (4.1.12) from (4.1.7) and using (4.2.7)—(4.2.10) we have

(D1, BeXh)o + (82, Baxn)o = (02 Buxn)o + (€, 0uxn)e  Vxn € VI (4.2.23)

By noting (4.2.3) the first term in (4.2.23) vanishes, and thus we obtain

(8¢, Baxh)o = (0, BaXn)o + (€, zxn)y  Vxn € VI (4.2.24)

Substituting x, = ¢ € V,f in (4.2.24) and using the Holder inequality give

185 < llp() o 182¢®) g + EElo 18=C (£)llo -

This and the Poincaré inequality yield

Il < (el + €@ )- (4:2.25)

Therefore, (4.2.21) is proved if we prove (4.2.22), noting the bound for ||p(¢){|, given in
Lemma 4.2.2.
By subtracting (4.1.13) from (4.1.8) and noting v — Vi = f = p+¢, for any wy, € Vi

we have

(Bep, wp)y + (86, wr), = (uv, Bxwr)g + (P, Bzwh)g + (€, Fxwr)g — (UnVh, Ozwr)g
(4.2.26)

By referring to (4.2.20), we note that (9;p, ws); = 0. Rewriting
wo — UpVi = u(fr + Vi) — UnVi = ufn + Va(u — Up) = ufn + Vaen = u(p + &) + Vaen

we deduce from (4.2.26)

(858, wn); = (u(p+ &), 0wn)g + (Vaen, Oxwh)g + (p, Fawh)g + (€, xwh)g

= ((u+1)(p+ &), Bawn)y + (Vaen, Ozwn)y  Ywn € V. (4.2.27)
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Letting w, = £ € V! and using

1d

(0:6, €)1 = 57 €I

we have from (4.2.27)
1d

S IE@E = (w10 + ), 8:E)g + (Vhen, Buy

By integrating from 0 to ¢, and using the fact that £(0) = 0, we have
ot 't
IO <2 [ () + Do) + £, et ds +2 [ | (Valslents), But(elo s
= T+ D (4.2.28)

By using the Cauchy-Schwarz inequality and (4.2.11), we have

Fi <2 ([l e gy + 1) /0 (1le(s)lo 18:£ ()l + ()l 196 (s g ) ds
< [ (1ol 10:lo + 1o 12:€(3)lo ) ds

t
< Clolfaqmny +C [ eI ds
Noting the bound of {|p(t){|, in Lemma 4.2.1, we have
t
g, < Cr¥et) 4 ¢ / I€(s)1? ds. (4.2.29)
0

Similarly, by referring to Lemma 4.2.1 and using (4.2.25) we have

t
% < 2 [Vall iy [ Nen(o)l x5}l ds
t
<c [ (In@lo+ 1¢(s)lo ) 18:€()l ds
t
< [ (Is)lo + )l + (o ) 1828l ds
JO
2 2 t 2
< (InlEaqany + IolEam) +C [ G ds
t
< Ch¥ (uunim(mﬂ) + ||«U||ioo(m+1)) + C/O €)1 ds. (4.2.30)
Thus, (4.2.28)—(4.2.30) yield

t
HE@N? < OB ([ulfoe o1y + 10 Fmraeny ) + C [ M€ ds.
( ) ) 0

The desired estimate (4.2.22) now follows from Lemma 2.3.2 (Gronwall’s Lemma). O
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In the following lemma, we prove the bounds for ||0;£(t)|l; and [|8:(t)|l;-
Lemma 4.2.4. Assume that dyu € L°°(0,T; H3(2) N HPTL(2)) and
Ow € L®(0,T; HIt1(Q)). Then, the following estimates hold
||6t§||Loo(H1) S C’hl7 (||u||Loo(Hp+1) + ”'U”Loo(Hq+1)> (4231)
and
184 e 1) < OB ([l gon sy + 0l om sty + 1060l pomgrrorny ) (4:2:32)
where v = min(p+ 1,¢ + 1).

Proof. Substituting wy, = 6§ € V] in (4.2.27) yields
1OE@IE = ((w+1)(p +€), B + (Vien, Biat )
By using Lemma 4.2.1 and the Cauchy-Schwarz inquality, we have
1@ < (14 Nl gy ) (10l + 1€ o ) 0E (0l

+ Vil oo (o0 llen(®)llo 19e€ (Bl

< (lp®llo + I o + lea®lly ) 1@,

Noting ep, = n+ ¢, we have

1901y < (1@l + Il + In®)llo + 1Ol ).

Hence, inequality (4.2.31) is obtained by referring to Lemma 4.2.2 and Lemma 4.2.3.
On the other hand, in order to have (4.2.32), firstly we differentiate (4.2.24) with

respect to t to have

(B4sC, Baxido = (Bep, BxXn)o + (96 DaXn)o  VXn € VE.

Letting xp = 0:C € Vﬁ and using the Cauchy-Schwarz inequality we have

18:C )5 < N8ep(®)llo 19eaC () llg + 18:E B lo 10l ()l -

Using the Poincaré inequality yields

Il < O lantt)llo + o)l ). (4.2.33)

Therefore, we complete the proof by noting (4.2.15) and (4.2.31). O
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By combining the results in Lemma 4.2.2-Lemma 4.2.4, we are now ready to state

the results for a priori error estimates of (4.1.7)—(4.1.8) by (4.1.12)-(4.1.13).

Theorem 4.2.5. Assume that u € WL (0,T; H}(£2) N HP*1(12)) and

ve WL(0,T; H(12)). Assume further that Vi, and Vi, satisfy Vai—Vi = O:Vi—8; Vi = 0
att=0. Then, for j = 0,1 there exists a positive constant C > 0 independent of h such
that

len(®)l; < CRPREH=344D (flu]l o gy + 0] poe i) )
“fh(t)” < Cpminlptlati=g) lull poe (Hp+1) T [vll oo Hq+1)>

|Ocen(®)l; < Chmintptl=5a+D) ([ “||L°°(HP+1) + ||at’“||L°°(Hp+1) + ||'U||L°°(Hq+1)
+ “atv||L°°(Hq+1)>

|9:n@)l; < CHREHII () oy + 0l oaressy + 1900l s aransy )

4.3 A posteriori error estimation

In this section, we design strategies to compute a posteriori error estimates from the
finite element solutions U, and V}, computed by using (4.1.12)-(4.1.13).

We approximate the exact errors e and fj, see (4.2.5)-(4.2.6), by E € Sﬁ“ and
F ¢ Sg“, respectively. As in [54] and [55], the approximate errors £ and F' should
maintain some properties of the exact errors. Moreover, our strategies involve the local
computation of E and F' on each subinterval to facilitate parallel computation.

From (4.1.12)-(4.1.13) and (4.1.7)—(4.1.8), we infer that the exact errors satisfy for
all x, € VP

(Ozen(t), Ozxn)g = (fr(t), axn)o (4.3.1)

and for all wy, € V}
(B fr (), wh); — (en(t) frlt), Ozwn)g — (Un(t) fa(t), dzwn)y — (Va(t)en(t), Szwndg
— (fnlt), Oxwn) = (Un(t)Va(t), Bzwn)g + (Vi (1), Ozwn)g — (OeVa(t), wh)y . (4.3.2)
At t = 0, noting (4.1.9) and (4.1.14), we have

(fn(0),wn); =0 Vuwy € Vy. (4.3.3)
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Due to (4.1.13), the right hand side of (4.3.2) vanishes. However, for the purpose
of developing a posteriori error estimates, we keep these terms in the equation as an
indication of how the a posteriori error estimation should be.

Recalling (-, -}, , defined by (2.2.1) on the subinterval £2;, I =1,..., N, we propose

to compute F and F locally on each subinterval £2;, by one of the following two methods.

Method (i): Nonlinear parabolic error estimate

Let £ € Sﬁ“ and F € SZH be defined on 2; by

(O:E(t), 0:%n)g o, = (F(£),0Xh)o.0, + (Va(t), OaXn)o Vin € SETT (4.3.4)
and

(0uF (1), 0n), g, — (B()F(t), 0stbn)g o, — (Un(E)F (1), Oxthn)g g, — (Va() E(2), Oxln)o g
— (F(t), 02n)g 0, = (Un(t)V(t), 0zDh)g g, + (Vi(t), Bzthi)o g,

— (BVh(t), bn) g, Vibn € SIT (4.3.5)
when t € (0,T] and
(F(0),dh)1,0, = (v0, Bn)y,q, — (Va(0), )1 Vibh € SE (4.3.6)
when ¢t = 0.

Method (ii): Linear parabolic error estimate

Let E ¢ Sﬁ“ and F € SZH be defined on {2; by
(OB, e = (O, Ousdo g + Vh0).Budog,  (437)
for all xp € Sﬁ“ and

(BeF(t),0n) 1 g, — (Un()F(2), 8sh)o 0, — (Va()E(t), Oxtbh)o, g, — (E(t), DeWhlo.q

= (Un()Va(t), Bxtn)g g, + (Va(t), Ozh)g.q, — (OVa(t), @r)y g (4.3.8)
for any wy, € SZH and when t € (0,7]. The initial condition at ¢ = 0 is defined by

(F(0),%r); o, = (v0,Bh)y g — (Va(0),tbn)1 0, Vi € SET. (4.3.9)
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In the computation of a posteriori error estimator F', an additional saving on the
computation cost can be obtained by neglecting the term (E(t)F'(t), 8112);1)01 0,» therefore
reducing the nonlinear equation (4.3.5) of Method (i) by the linear equation (4.3.8) of
Method (ii).

Since supp ¢ p+1 = 2, if ¢ € HO(£2) then the statement

(W, Rn)o =0 Vi€ SPT

is equivalent to

W, %h)op, =0 YRR ESET, I=1,...,N.

Hence, in fact (4.3.4)—(4.3.9) hold for the inner product on the whole domain .

In order to emphasize on the polynomial degrees p and g, as in the remaining part
we will need different projection onto spaces of different polynomial degree, we rewrite
Unp = Un € WL(0,T; Vﬁ) and Vi, := Vi € WL(0,T; V), where Uy and V;, are defined
by (4.2.3)-(4.2.4). For example, by Uppy1 we mean the projection defined by (4.2.3)
onto the space f),fﬂ instead of V,f .

Let Vi g41 € V™' be defined by
(v — Vhgr1s W), =0 Vuwy € VITH (4.3.10)
By noting that V;i“ =V e Sg“, we can write Vi, 441 as
Vhgt1 = Vg + fn where Vi, €V{ and frn € S,’iﬂ. (4.3.11)

Letting .
é(t) = llen@®lly + 1 fn®llx

where e;, and fj, are defined by (4.2.5)—(4.2.6) and letting
E#) = |E®; + IF®);

we define the effectivity index by

o) = %

We now state the main result of this section.
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Conjecture 4.3.1. For any V € HTY(02), let Vi 4, Vig € VI be defined respectively by
(4.3.11) and (4.2.4). Then we conjecture that:

|7hq - thqu < Chet!, (4.3.12)

where C is independent of h.

We computed \‘Vh’q - Vh’qu for the following functions V, with 2 = [0,1].

1. Example 1: V(z) = 2% exp(27 + 1) — zexp(3);

2. Example 2: V(z) = sin(nz);

3. Example 3: V(z) = log(1 + z) — z log(2);

4. Example 4: V(z) = 25/%;

5. Example 5: V(z) = 27/3.

The numerical convergence orders ky presented in Table 4.1-Table 4.5 justify our con-
jecture. In fact, the results of Example 1, Example 2 and Example 3, where the functions

V are smooth show a higher convergence order for ¢ > 2, namely O(h?+2) rather than

O(h+1).

Theorem 4.3.2. Let Vi, and Vi, 4 be defined respectively by (4.3.11) and (4.2.4). As-
sume that the Conjecture 4.3.1 holds and

&(t) > ChminPa), (4.3.13)

Then the approzimate errors E € Sﬁ“ and F € Sg“ defined by Method (i) and
Method (ii) satisfy for almost all t € [0,T]

ilzl—g% et) = 1.

We now provide the proof of Theorem 4.3.2, which is based on the following lemmas.

For the analysis, we first define &, € Sﬁ“ and fj, € Sg“ such that for I =1,...,N

(8o8h (1), OsXn)o.0, = (Owti(t) — Belnp(t), BuXn)g g VXn € SET (4.3.14)
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q h Vth — thq Ky
1/4 4.2572E-01
1/8 1.0773E-01 1.983
1/16 2.7017E-02 1.996
' 1/32 6.7594E-03 1.998
1/64 1.6902E-03 1.999
1/128 4.2257E-04 2.000
1/4 1.8450E-03
1/8 1.1865E-04 3.958
1/16 7.4697E-06 3.989
? 1/32 4.6771E-07 3.997
1/64 2.9245E-08 3.999
1/128 1.8275E-09 4.000
1/4 3.5090E-05
1/8 1.1253E-06 4.963
1/16 3.5397E-08 4.991
s 1/32 1.1080E-09 4.998
1/64 3.8795E-11 4.836

Table 4.1: Experiments justifying (4.3.12) by Example 1.
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q h vh,q - Vh,q kv

1/4  3.3110E-02

1/8  8.2216E-03  2.009
1/16  2.0521E-03  2.002
1/32  5.1281E-04  2.001
1/64  1.2819E-04  2.000
1/128  3.2047E-05  2.000

1/4  1.1657E-04

1/8  7.3449E-06  3.988
1/16  4.5997E-07  3.997

2 /32 2.8762E-08  3.999
1/64  1.7979E-09  3.999
1/128  1.1243E-10  3.999

1/4  2.2808E-06
1/8  7.2066E-08  4.989
; 1 /16 2.2561E-09  4.997

1/32 7.0535E-11 4.999
1/64 2.9263E-12 4.591

Table 4.2: Experiments justifying (4.3.12) by Example 2.
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q h Vig — Vhg Ky
1/4 2.6102E-03
1/8 6.5485E-04 1.995
) 1/16 1.6386E-04 1.998
1/32 4.0974E-05 1.999
1/64 1.0244E-05 1.999
1/128 2.5611E-06 2.000
1/4 4.5141E-06
1/8 2.8871E-07 3.967
1/16 1.8155E-08 3.991
2 1/32 1.1364E-09 3.998
1/64 7.1053E-11 3.999
1/128 4.4416E-12 3.999
1/4  7.1648E-08
1/8 2.3339E-09 4.940
1/16 7.3752E-11 4.984
5 1/32 2.3113E-12 4.996
1/64 1.4046E-13 4.041

Table 4.3: Experiments justifying (4.3.12) by Example 3.
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q h f/h’q~l7h,q Ky
1/4 1.3135e-02
1/8 3.2771e-03 2.003
) 1/16 8.1861e-04 2.001
1/32 2.045%-04 2.001
1/64 5.1141e-05 2.000
1/128 1.2785e-05 2.000
1/4 1.8952e-05
1/8 1.2979e-06 3.868
1/16 8.7633e-08 3.889
? 1/32 5.8552e-09 3.904
1/64 3.8811e-10 3.915
1/128 2.5601e-11 3.922
1/4 4.9335e-07
1/8 3.0902e-08 3.996
1/16 1.9326e-09 3.999
s 1/32 1.2081e-10 4.999
1/64 7.5972e-12 3.991

Table 4.4: Experiments justifying (4.3.12) by Example 4.
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q h Vg — Vig Ky
1/4 1.2242e-02
1/8 3.0525e-03 2.004
) 1/16 7.6225e-04 2.002
1/32 1.9047e-04 2.001
1/64 4.7609e-05 2.000
1/128 1.1901e-05 2.000
1/4  1.4244e-05
1/8 1.0518e-06 3.759
1/16 7.6583e-08 3.780
2 1/32 5.5227e-09 3.794
1/64 3.9556e-10 3.803
1/128 2.8213e-11 3.809
1/4 5.4899e-07
1/8 3.8583e-08 3.831
1/16 2.7082e-09 3.833
] 1/32 1.9002e-10 3.833
1/64 1.3360e-11 3.830

Table 4.5: Experiments justifying (4.3.12) by Example 5.
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and
(Ful®),0n), g = (V(t) = Vag(t),dn)y o Vibn € Sit, (4.3.15)
Letting
f=u— (Unp+én), (4.3.16)
(=é&n—E, (4.3.17)
p=v— (Vag+/n), (4.3.18)
and
£=fn—F, (4.3.19)
we rewrite
en—E=7+(+¢ (4.3.20)
and
fo—F=p+E+E (4.3.21)

In the following part, our aim is to estimate each of the terms 7, ¢, ¢ p, €and €
of (4.3.20)~(4.3.21). The estimates of ||{(t)||; and [|£(t)[|, are presented in Section 4.2.
We first focus on estimating ||7(¢)]);.

Lemma 4.3.3. Assume that u € WL (0,T; H}(2) N HP2(12)) then there holds
1T llws gy < CHPFH 1l poo (g (4.3.22)
Proof. Due to orthogonality of the Legendre polynomials, we have
(B58n(t), Bxxn)g = 0 Vxn € VL. (4.3.23)
Therefore, by noting V2™ = VP @ §2*, using (4.3.14), (4.2.3) and (4.3.23), we have
(L), Baxn)o = (Batu(t) — BuTnp(t) — Ban(t), Baxn)y =0 Vxn € VAT

By noting that
<8:l:u(t) - ath,p+1(t)a 8$Xh>0 =0 Vxn€ f}};z+1
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thus, we have Uh,p + &, is the elliptic projection Uh,p_l,_]_ of u into lo/,fﬂ. Therefore, we

have for any ¥ € f/,fﬂ

18:7(E)|12 = (8pt — 8xUp — Beh, Ozu — 80 — B28n),
= (8t — 0;Up — Oz8h, Ozt — Oz Xn),
+ (Bpu — OzUn — 8z, BeXn — 82U — Ozn),
= (8yu — xUp — Oz&h, Oz — OaXn),
< ||0zu(t) — 8:Un(t) — 0xen(t) o 192u(t) — Bzxnlly -
Hence, by using the Poincaré inequality we have

17, < Cllo=a)]lo < C ill})fpﬂ 182u(t) — Buxnllg < CEPH [[u(®) s,
Xn€V

thus proving the lemma. O

We now focus on estimating ||5(t)||;, t)H1 and Hf Hl

Lemma 4.3.4. Assume that v € WC}O(O,T;H‘HQ(Q)). Let Vg and Vi g be defined
respectively by (4.3.11) and (4.2.4), and assume that the Conjecture 4.3.1 holds. Then
there holds

1Pllwazny < CHITH [0l poc (prasay -
Proof. By noting (4.3.10) and using standard finite element arguments we have
[o(t) = Vrgrr (], < CAT f(@)llgz
By using the triangle inequality we obtain
1A = flo() = Vag(t) = Su@®;

< H“(t) - Vh,q+1 H1 + HVh g+1(t) — Vh,q — falt Hl

< ORI+ ||V g1(8) — Vhg(t) = Fa(®)]] - (4.3.24)

The lemma will be proved if we can prove ||\7h’q+1(t) — Vhg(t) = fn (1‘,)”1 < Ch%*!, Noting

that Vh’q_l,_l - Vh,q —fre VZH, due to (4.3.10) we have

<Vh,q+1) Vh,q-i—l - Vh,q - jTh>]_ = <U: Vh,q-i—l - Vh,q - jTh>1
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Therefore, (4.3.11) together with (4.3.15) give
[ Vhgs1(t) = Vag(t) — fh(t)Hi = (v~ Vhg — fr, Vhgt1 — Vhg — fn);
= <v - Vh,q = fr, Vh,q - Vh,q>1 + <v - Vh,q - JFh»JFh - fh>1
— (Vhgs1 = Vg = Fur Vg = Vo)
<N Vhg+1(t) = Vag(t) = Fu(®)]), HVh,q(t) — Vh,q(t)Hl .

This implies

[%h010) = Vrg®) = O]y < |Vag®) = Vg

If v € H}(2) and if Vh’q and Vh7q+1 are defined with the H}-inner product then it
follows from (4.3.23) that f/hyq = V4 In the present case with the H Linner product
our numerical experiments show that Hf/h’q(t) - Vh’q(t)H1 < Ch9tl. Since we are unable
to prove this result, we resort to posing a conjecture (see Conjecture 4.3.1). With this

conjecture, we obtain the required result. O

In the following lemma, we estimate  and € (see (4.3.19) and (4.3.17)) in the H'(£2)-

norm.

Lemma 4.3.5. Assume thatu € WL (0,T; HY (Q2)NHP*2(2)) andv € WL (0,T; HIT2(02)).
Then the following estimates hold:

HCHWOIQ(Hl) <CRrY (||u”L°°(HP+2) + ||U||L°°(Hq+2)) (4.3.25)

and
HEHW(}O(Hl) < ChY (||uHL°°(HP+2) + ”v||L°<>(Hq+2)) (4~3-26)

where v = min(p+ 1,q + 1).

Proof. We present the proof only for the case that £ and F' are defined by (4.3.7) and
(4.3.8). It follows from (4.1.7) and (4.3.7) that

(8:::“47 8:E)A(h>0 - (8:::E, 8z>2h>0 = <'U7 8:::)A(h>0 - <F7 azf(h>0 - <Vh-, 8z)2h>0 (4-3~27)
for any %n € SPT'. It follows from (4.3.20) that

u—E=U,+en—E=Up+7+C+C.
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Similarly, it follows from (4.3.21) that
v-F-Vi=f—F=p+E+E
Hence, (4.3.27) can be rewritten as

<8zUh;az)A(h>0 + <az77 azf(h) <8 C azXh>0 a e azXh)

= (5, 0a%n)o + (€ aXn)y + (€, Oakn)g  VRn € SEH. (4.3.28)

Due to orthogonality of the Legendre polynomials we have (8,Up, 0zXr), = 0 and due
o0 (4.3.14) we have (8;7, 8z Xn)o = 0. Therefore, (4.3.28) gives

(08, 82Xy = (B, uRn)g + (€:Dxkn)y + (€ OxXn)g — (02C. OxXn)o  VRn € Spr

Substituting ¥, = ¢ € Sp+1

and using Holder’s inequality give
lco)l; < (Watedllo + @, + IE@ o + LBl ) [18:CE) -
By dividing both sides by {|8:((t)||, and using the Poincaré inequality, we deduce
IE, < 180N, + [ED ] + I + 1O - (4.3.29)
Referring to Lemma 4.3.4 for ||5(t) |, and Lemma 4.2.3 for [|€(¢)|, and [[C(£)]];, we obtain
12l pgarty < B (ilgmarmry + Il mgaroray ) + (€]l o oy (4.3.30)

Therefore, (4.3.25) is proved if we prove (4.3.26).
Due to (4.3.19) and (4.3.18), we have

Therefore, for any wy € SZH
<8t§, wh>1 (Bsp, wh) — (9P, ﬁ}h)l - (8. F, uA}h>1 . (4.3.31)

By differentiating (4.3.15) with respect to ¢, the second term on the right hand side of
(4.3.31) vanishes:

(8:5,01), = (B — B Vg — Bifno ), =0 Vaby € ST (4.3.32)
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From (4.3.8),

<8tF,'lZ)h>1 = <UhF, 81’&))1)0 + <VhE, 81'12))1)0 + <F., 81’&))1)0 + <Uth, 81'12))1)0

+ (Vi, Bptbp)g — (8:Vh, ), Vaby € ST (4.3.33)
Combining (4.3.31)—(4.3.33), we have

<8t£_a wh>1 = <8tpa wh>1 - <UhF7 81’&);1)0 - <VhE-,8:E’UA)h>0 - <F> 8av'uA)h>0

— (UnVi, Bt0)g — (Vi, Bxtp)g + (8:Vi, ),  Vin € ST (4.3.34)
For the last term on the right hand side of (4.3.34) we use (4.1.8) to have

<8ch,’Lf)h>1 = <5t1?,’(f)h>1 — <6tfh7'wh>1 = <11,1), 5I’Lf)h>o + <1), 511Dh>0

— (Befn,Wn), Vabn € SPT (4.3.35)
Therefore, (4.3.35) and (4.3.34) give

<at£_7 ’(f)h>1 = <8t:07'lz)h>1 - <UhF7 8I"I)h>0 - <VhE7 azwh>0 - <F7 a'E'lZ)h>0

— (UpVi, 8xn)g — (Vi Ozhn)g + (wv, O2r)o + (v, OxWh)g — (Otfn, Wh)y

for any wy € Sg“. Noting that p — fp = =&, F = p—ﬁ—f, E :nfﬁ—é_and
v—Vy—F =p+£&+&, we have

(8, wn), = — (B&,n)y — (Un(p — 5 — €), 8xbn)y — (Valn — 71— (), Octiin),

+ (5 +E+ &, 850m) — (UnVh, Oatdn)g + (uv, Bethp)y  Vibp € Sit,
Rewriting
uv — UpVj, = v(en + Up) —UpVyp =ver + Up (v — Vh) =vep + Upfh,

we obtain

(8,€,Bn), = — (0e, Wn), — (Un(p — 5~ €), Oatbn)y — (Valn — 7 = (), Bution )

+ <,5 + f_—}- &, 6z1f)h>o + {ven, 81’&))1)0 + (Un fr, 81’&);1)0 . (4.3.36)
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Substituting wy, = £ € ST, integrating (4.3.36) from 0 to ¢ and noting €(0) = 0 give
lEo ;= - /Ot (0:£(s),€(5)), ds — /Ot (Un(s)(p(s) = p(s) — €(s)), 82€(s)) ds
- /Ot (Va(s)(n(s) — 1i(s) — C(s)), 0€(s)),, ds
+ /Ot (p(s) + €(5) +£(5), 0a€(s))g ds + | (v(s)en(s), 0:€(s)), ds
+ [ (O, 080 ds = Tt o+ T 4.3.37)

Recalling the Holder inequality and Lemma 4.2.1, we estimate
¢
| 7| < ||Uh||L°°(L°°)/0 (Ip()lio + 18(s)lo + 1[E() o) [18=E(s) [ ds
2 2 “uE 2
< (Iolzqo + Pl r) + [ IS s
t -
< CRET 0]l foo rat2y +/0 Hg(s)uf ds.
Similarly, together with (4.3.22) and (4.3.29), we estimate
t - -
wasmmm@mA(M@%+M@%+M@%H@aﬂb%
p— t —_—
< & (Imaqamy + 10 50y + [y ) + [ IEIR s
S Ch2(P+1) HU||L°O(H;;+2) + C (Hﬁ“%Q(HO) + Hf_Hig(Ho) + ”5“%2([{0) + “C“%}(HO))
t
+ [ 1)} as

t

where v = min(p + 1, ¢ + 1). By referring to Theorem 4.2.5, we estimate
t ¢
| T6] + 1%6| < ||v||Loo(Leo)/0 llew(s)llg [[€()]], ds + ||Uh|ILoo(Loo)/o 17(s)llo [IE()]], ds
t
< Cllenlliany + C Il + € [ 1€} ds
0 .
< O ([l + el mguon) + [ TEOIE ds

The remaining terms can be estimated in a simpler way, noting that (4.2.31) is used for

18:€ (t)|lo- Hence, (4.3.37) yields

t -
Hamﬁswﬁ(wﬁwmm+wﬁﬂmﬂg+01H&mﬁM-
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The desired estimate (4.3.26) followed by using Lemma 2.3.2. |

Proof of Theorem 4.3.2
We are now ready to prove the main result stated in the Theorem 4.3.2.

Proof. By referring to (4.3.20)—(4.3.21) and using the triangle inequality, we deduce

B 1w:MHE@W1+HF@HM)—(H%@W1+Hhﬁmlﬂ

IG(t)_ll: W_ l@(f)'
_ [1B@ ~ lea@l |+ 1E@ 1~ 1501 |
: o]
< Ol + IO, + ISl + a1 + IE@I, + 1@,
B é(t)) '
By using (4.3.22), Lemma 4.3.5, Lemma 4.2.3, Lemma 4.3.4 and inequality (4.3.13),
we infer
thus proving the theorem. ‘ O

4.4 Implementation issues

In this section, we show the computations of (Up,V}) and (E, F') respectively by using
(4.1.12)—(4.1.14) and Method (ii) (see page 39).
With ¢y ,l=1,...,Nand k=1,2,..., defined by (2.4.2)— (2.4.4), the approximate

solution (U, V) can be represented as

N N p
Un(z,t) = Y Upn(®)¢ra(@) + > Y Uik()bre(x),
=2 =1 k=2
N+1 N g
Un(z,t) = Y Via(Odia(@) + ) > Vis(t)pie(x).
=1 1=1 k=2
Let the L?-inner products
af;,l;c/ = {(rp, Pk ) - (4.4.1)

5455,1;/ = (BBl ks Oc b & )y (4.4.2)
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and
LU
Bk = (Sue: Dudv ) - (4.4.3)
Foreachl=1,...,N,and r,r = 2.3, ..., we define a 2 x 2 matrix Mll,l, a2x(r—1)

matrix M ll,r? and an (r — 1) x (v’ — 1) matrix M lm, with entries, respectively,

! el
(Ml,l)ij =01 1,7=1,2

l L+l . .
(Ml,r)ij—aj,l ; 1=1,2, j=2,...,7,
(Ml )ij = Ll i —9 . '

rrt )id = g 1=2,...,1, ] =2,...,7".

- l 1 N . /
Similarly, we define 51,1, Sl,r, Slm, by using &, and Bllyl, Bll,r, Blm, by using [ii’fr,

. Ll . . X .
instead of a;r. By using these notations, we then define matrices

Mt Mt
1 1,1 1,r
M, = LT l , (4.4.4)
(Ml,T) Mrr
st st
1 1,1 1,r
S, = AT ) (4.4.5)
(Sl,r) Srr
and
B} B!
B., = ll’lT ll , (4.4.6)
(Blﬂ‘) Br,r/

where T denotes the transpose matrix. We note that the matrices M ! and S have size
(r 4+ 1) x (r + 1), whereas the matrix Blm, has size (r + 1) x (' + 1).

By using M lT, Slr and Blm,, we assemble the global matrices M, S, and B, .,
respectively. We note that the sizes of the global matrices M, and Sy are (Nr +1) x
(N7 + 1) and of By, is (N7 +1) x (N’ +1).

We also define, for each[=1,...,N and p,q¢ =2,3,.. .,

U'=[U1,U411. U2+ Uiyl

and

Vl = [‘/l,h ‘/l+1,17 ‘/1,2 sy ‘/l,q]—r

where Uy 1 and Uy, 1,1 are zeros. The vectors U and V are of size (Np + 1) x 1 and

(Ng+ 1) x 1, respectively, and are assembled from the vectors U and V.
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With the above matrices defined, the matrix representation of (4.1.12)—(4.1.13) is of

the form
SyU(t) = Bp V (1), (4.4.7)
(M, + 8,) 8,V (t) = HU(®), V(1)) (4.4.8)
Here, the vector H(U,V) is an (Ng+ 1) x 1 vector defined by
HU,V)=[HO O HT

where

HO =[((U+1)V,¢11), (U + 1)V, d21)g,-- -, (U + 1)V, dn411)]"

and
HY = (U + 1)V, 612)0, (U + DV, d13)g- - (U + 1)V, b1g)g]
for [ =1,...,N. We use the Matlab ODE solver to solve (4.4.7)—(4.4.8). Therefore, the
right hand side of (4.4.8) is computed by first solving (4.4.7) for a given V'(t).
In the following part, we discuss the computation of (E,F) which are computed
locally on each 2, for [ = 1,..., N, from the approximate solutions (U, V3), and have

the forms

™=

E(z,t) =Y E{t)¢ipi1(r) and F(z,1) ZFl )Prg+1 (T

X
I

Equations (4.3.8) and (4.3.7) are rewritten as

(B F (1), Bra1)1 o — (Un(t)F (1), 0drar1)o,o — (Va(DE(), Badig+ido g
— (F(t), 82¢1,4+1) 0, = (Un(t) h(t),az¢l,q+1)0,gl + (Va(t), Oar,g+1)0,0,
— (0 Va(t), ¢l,q+1>1’gl (4.4.9)
and
(0 B(1), 0aBrps1)g 0, = (F (1), OsPrpri)o g, + (Valt): Fxdrpridog, - (4.4.10)

Recalling (4.4.1)—(4.4.3), we have

HLL L 1l
(OVi(t), Pra+1)1 0, = OVir1a () (a1 gi1 T & q+1> Z BV k( (ak’ +1 T Qe q+1>
k=1

= Tlv
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<Vh(t),8z¢l7q+1>0ﬂl — Vi (0)8 iq1+ll + Z Vi ( 5k1 PIS =T, (4.4.11)
k=1
and
1, Ll
(Va(t), Bzdipr1)g 0, = Vier 1 (DB s + D Viw 0By 0y = T (4.4.12)
k=1
We note that
oM hu
S 4.4.13
UrLprl T By 3)(2p - 1) ( |
G 2
= (4.4.14)
and
S W
@ty P74 h
ﬁ” o _ 4.4.15
bt = o P ( )
0, otherwise.
By defining
Bh g = (DurdLi, OaBrg1)g g,
55?,1«51 = (b1 kL 8$¢”‘I+1>0:91
and
B]Lc,k/,q = <¢H—1,fc¢l+1,k”az¢l’Q+1>01Ql ’
we have
N d a1
(UnOF(E), Badigr1)o,0, = Fi®) [Uny11 (BB gr1g + Y Unk(t)B ’“"”1"’}
k=1
_ T4Fl(t),' ‘ (4.4.16)

(Va(®)Ei(t), B2brg+1) 0.0, = Bt | Vi4r1(8 VB i1+ Z Vi ( 5k1,p+1’q}

k'=1

= T E)(t), (4.4.17)
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and

<Uh(t)vh(t)> a:v¢l,q+1>0’gl = Ul+1,1 (t)

q
Vl+1,1(t)/3l1,1,q + Z Vik (t)ﬁll,k’,q—f—l}

k'=1

¥4 q
+D Uk [ Visra®)Bhag + D Viw (t)ﬁi,k/,q}
k=1 k'=1
= Tg. (4.4.18)

Note that, the values of Bf—c K g [;’f—c kg and B}—c kg €A1 be computed by using Matlab or
Maple.
By using the above notations, (4.4.9)-(4.4.10) can be rewritten as
( hy 2
—_— ..+_ —_
(2¢+3)(2¢—1) M

and

) auF(t) ~ (Ta+ B g0 ) FUO) — TsEY(E) = To + To — Th

2 1l
EEl(t) - 5p,+1,q+1‘Fl(t) + T3.

Then, by using the Backward Euler Formulation, we compute Fj(t;) recursively by
_ Te+Tp—Ti+ BT5T3 + dFi(t-1)

Fl(tj) = d—T _5171 ~ Ry gll T
4 g+1l,g+1 ~ 2 Ppt+lg+1t5

and ¢; = jAt for j =1,2,3,.... The time step At is chosen to be not less than h.

(4.4.19)

where

4.5 Numerical experiment

In this section, we present the numerical results when we solve the following BBM

equation

Opzru(z, t) + éu(z,t)@zu(m,t) =g(z,t), z€(0,1),t€(0,1],

u(0,t) = u(1,t) = 0, te[0,1],

wm@—%

whose exact solution (u,v) is

u(z,t) = 3sech?(k(dz — a)) — 3(1 — ) sech?( — ka) — 3z sech® (k(d — a))
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and

v(z,t) = —6kdsech? (k(dz — a)) tanh (k(dz — a)) — 3sech?(k(d — a)) + 3sech?( — ka),

where the constants are a = zg+vt, k = 0.35, u = 1/4k?, v = 0.5, 1o = 20, and d = 2.

The initial value vg is given by
vo(z) = —6kdsech? (k(dz — o)) tanh (k(dz — mg)) — 3sech? (k(d — o)) + 3sech® ( — kzo).

In the numerical experiment, we compute the approximate solutions (Uy,Vy) by
solving (4.1.12)—(4.1.13). After that, the errors ey and f5 are computed and the order of
convergence given by Theorem 4.2.5 is checked. Finally, we compute the error estimates
E and F by using the linear parabolic error estimate (see Method (ii) in page 39).

In Table 4.6, the relative exact errors len®lly ynq Maldlh g5 N elements and t = 0.8

Tu®)l; (e
are presented. We compute the relative errors for p = ¢ + 1, with p = 2,3,4.

In Table 4.7, we present the error estimations E(t) and exact errors é(t) at t =
0.8. For these numerical results, we choose At = 0.4. Figure 4.5 shows the computed
effectivity indices for the numbers in Table 4.7. The results show that our a posteriori

error estimations are efficient.
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dofy dofy p N ey /@l sa @I /@Ol s
39 21 20 1.6102E-01 4.8905E-01
79 41 40 3.5722E-02 2.172 2.3826E-01 1.037
159 81 ) 80 8.8314E-03 2.016 1.1937E-01 0.997
319 161 160 2.2015E-03 2.004 5.9711E-02 0.999
639 321 320 5.4999E-04 2.001 2.9859E-02 1.000
1279 641 640 1.3747E-04 2.000 1.4930E-02 1.000
2559 1281 1280 3.4349E-05 2.001 7.4651E-03 1.000
59 41 20 1.7780E-02 1.1054E-01
119 81 40 2.8360E-03 2.648 3.2042E-02 1.787
239 161 ’ 80 3.6641E-04 2.952 8.1051E-03 1.983
479 321 160 4.6186E-05 2.988 2.0321E-03 1.996
959 641 320 5.7854E-06 2.997 5.0839E-04 1.999
79 61 20 3.5710E-03 2.8850E-02
159 121 40 2.1257E-04 4.070 3.4321E-03 2.703
239 181 ! 60 4.2714E-05 3.958 1.0320E-03 2.964
319 241 80 1.3589E-05 3.981 4.3735E-04 2.984
399 301 100 5.5803E-06 3.989 2.2440E-04 2.990

Figure 4.1:

Table 4.6: The orders of convergence &, and x, at t = 0.8,
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P q h E(t) é(t)
1/20  1.3590E+02 1.3616E-+02
1/40  6.5493E+01 6.5840E+01
) 1 1/80  3.3539E+01 3.2879E+01
1/160 1.6879E+01 1.6422E-+01
1/320 8.4519E400 8.2053E+00
1/640  4.2271E400 4.1012E+00
1/1280 2.1136E+00 2.0502E+00
1/20  2.5227E401 3.0560E+01
. 1/40  8.6034E+00 8.8314E+00
1/80  2.1798E-+00 2.2298E-+00
1/160  5.4657E-01  5.5853E-01
1/320 1.3673E-01  1.3967E-01
1/20  8.4505E+00 7.9635E+00
1/40  89120E-01  9.4488E-01
i3 1/60  2.6800E-01  2.8387E-01
1/80  1.1359E-01  1.2025E-01
1/100  5.8283E-02  6.1681E-02

Table 4.7: Values of £ by Method (ii) at t = 0.8.



Chapter 5

Burgers equation: a mixed finite

element method

In this chapter, we focus on a priori and a posteriori error estimations of HIMFEM for
the Burgers equation. In Section 5.1, we elaborate on a formulation of weak solutions and
finite element scheme for the Burgers equation. Section 5.2 provides an analysis of a priori
error estimation. Section 5.3 focuses on an analysis of a posteriori error estimation. The
chapter ends with implementation and numerical experiments in Section 5.4 and Section
5.5.

Throughout this chapter, C' denoted a generic constant which may take different

values at different occurrences.

5.1 Formulation of weak solutions and finite element scheme

Let 2 := (0,1) and T and v (viscosity coefficient) be positive constants. We consider

the following Burgers equation
Byu(z,t) — vigu(z, t) + u(z, 1)dpu(z,t) =0, z €2, te (0,T], (5.1.1)
with Dirichlet boundary conditions

w(0,) = u(l,t) =0, tel[0,T), (5.1.2)
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and initial condition
u(z,0) =ugp(z), =€ 0, (5.1.3)
where 8; := 8/0t, O == 8/0z, Opy 1= 6%/022.
By HIMFEM, equation (5.1.1) is reduced to a system of first order equations using

a new variable define as v = 0,u [45, 47]. Thus, (5.1.1) is reformulated as

Oru(z,t) = v(z,t), (5.1.4)
Giu(z,t) — vozu(z, t) + ul(x, t)v(z,t) =0 (5.1.5)

and for t =0
v(z,0) = vo(z) = Ozuo(z). (5.1.6)

Multiplying (5.1.4) by d;x and (5.1.5) by —8;w, where x € H}(£2) and w € HY(2), we
have

<8:cu(t), 8IX>0 = <'U(t)aazx>o Vx € H&(Q)
and

(Bu(t), w)g + v (Ozu(t), Bew)y = (u(t)u(t), dzw)y Vw € HY(),

noting that 8;u(0,t) = du(1,t) = 0.
A weak formulation of the problem reads: Given up € H(22) N H?(12), find (u,v) :
[0,T] — HE(2) x H*(£2) such that for ¢ >0

(Bzult), Bax)o = (v(t), 0X)g VX € Ho(12), (5.1.7)
(Bu(t), why + v (Ozu(t), Opw)y = (u(t)v(t), Orw)y Yw € HY(0), (5.1.8)
and
(v(0),w)y = (Fzuo, w)y Yw € HY () (5.1.9)
fort =0.

Lemma 5.1.1. If u € WL(0,T; H}(2) n H2(R2)), v € W (0, T; HY(2)) and (u,v)
satisfies (5.1.7)~(5.1.8), then we have (u,v) are solutions to (5.1.4)—(5.1.5).
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Proof. Indeed, by using integration by parts we deduce from (5.1.7) that
O (v(z,t) — dpu(z,t)) =0
in WL (0,T; H%(£)) which implies that
v(z,t) = dyu(z,t) + g(t) (5.1.10)
for all t and a.e. in §2, and for some function ¢ depending on ¢. Particularly, we have
v(z,0) = du(z,0) + g(0). (5.1.11)

By integrating (5.1.11) over {2, noting (5.1.9) and (5.1.6), we infer that g(0) = 0. On
the other hand, it follows from differentiating (5.1.10) with respect to t and (5.1.8) with
w = 1, that
/ Bt + 9('1) =0,
Q
implying that ¢’(t) = 0. Therefore, we have g = 0, that is (u,v) satisfies (5.1.4). A

similar argument using integration by parts gives (5.1.5). O

Let p and g be two positive integers and Vﬁ and V/ are the finite dimensional sub-
spaces of H}(£2) and H*(£2) (see (2.4.5)). A semidiscrete approximation to (5.1.7)~(5.1.9)
reads: Find (Up, Vi) : [0,T] — Vﬁ x V{ such that for ¢ > 0

(BeUn(t), Ozxn)g = (Val(t), uxn)y  Vxn € VL, (5.1.12)

<6ch(t), wh>0 + v (8. Vi (t), Bzwh>0 = <Uh(t)Vh(t), (?zwh>0 Ywy, € Vg7 (5.1.13)
and fort =0
(Vi(0), wn)o = (Bzuo, wh)g  Ywn € Vi, (5.1.14)
5.2 A priori error estimation

In this section we carry out a rigorous analysis for a priori error estimates for the ap-
proximation of the solution of (5.1.12)—(5.1.14) by that of (5.1.7)—(5.1.9), filling the gap
in [47]. We first show the boundedness of the sequences {Un} and {V4}.
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Lemma 5.2.1. If (u,v) and (Ux,V4) are solutions to (5.1.7)—(5.1.9) and (5.1.12)-
(5.1.14), respectively, and if

16:Va(0)llg < C, (5.2.1)
then the following inequality holds
Ul oo 200y + 10:UR| oo 100y + [ Vall oo g0y + 10 Vall 200y < C(T)-

Proof. Substituting x, = Uy and wp, = V3 respectively in (5.1.12) and (5.1.13), and

using the Hélder inequality, we have

18=zUn(B)llo < V)l (5.2.2)

and

1d

3% VOIS + v 18Va®G < MU zoo ey IV @)llo 102 VR (Bl - (5.2.3)

The Sobolev imbedding theorem, Poincaré inequality, and (5.2.2) imply
U ooy < CNIVADlg - (5.2.4)
Hence, by integrating (5.2.3) from 0 to ¢, using (4.2.2) and noting from (5.1.14) that
Ve (0)llo < lI9zuollo »
we obtain
t t
Aol +2V/0 18 VA ()5 dr < IVa(O)llg +C/O VA ()15 102V (T)llg d7
SCG+Aw%U%dM%Aw&Wﬁ%dO.
By choosing ¢ > 0 sufficiently small so that 2v — Ce > 0 we deduce
Wi+ [l as<e (i [neisa). 629
Lemma 2.3.3 (with o(t) = ||V4(t)[3, a = C and 8(s) = Cs* for s > 0) gives

V@2 <C Vvtelo, T,
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where T is defined in Lemma 2.3.3. Since

/ T s — 0
) oo as o — 0,
we have T = T'. Therefore, noting (5.2.5) we deduce
¢
IV + [ 10:VA(o)IE ds < O(T) Ve 0,11
0
This together with (5.2.4) implies
1Okl Lo (o) + IVRll oo rroy + IVall L2 (arny < C(T). (5.2.6)
We next show a bound for [|0;V4(¢)||,- By differentiating (5.1.12) and (5.1.13) with
respect to £, we have the following results for ¢ > 0
(O1zUn(t), Oxxn)o = (O:Va(t), Oxxndo (5.2.7)
for any x5, € Vﬁ and

(Bt Vi (), wr)g + v (Oez Va(t), Orwn)g = (O:Ur(t) Vi(t), Ozwn)g

+ <Uhatvh(t)a az'LUh>0 (528)

for any wy, € V{. Substituting xp = 9;Up into (5.2.7), wx = 6;Vj, into (5.2.8), and using

the same argument as above we obtain
[10:UR(B)ll ooy < C N0V (Bllo (5.2.9)

and

L0V + v 10 Vh 1R < [0UnOll e IV 10 VA O
+ U0l oo () 118: Vi () g |0 Vi (Bl
< C(T) [18:Va(®) o 102z Va(t)llo
where in the last step we have used (5.2.6) and (5.2.9). By integrating the above inequal-
ity from O to t, using (5.2.1), inequality (4.2.2) and invoking Lemma 2.3.2 (Gronwall’s

Lemma), we deduce

t
I8 Vi(®)I2 + / 18 Va(s)|12 ds < C(D).
0
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By noting (5.2.9), we have
10Ul Lo (zooy + WOt Vall oo oy + 10Vl L2y < C(T). (5-2:10)
By using (35, Lemma 1.2] or [36, Theorem 3.1] we deduce from
IVall L2¢arry + 10Vl 2y < C(T),
see (5.2.6) and (5.2.10), that (after a possible modification on a set of measure zero)
Vil Lo a1y < C(T),
which implies by the Sobolev imbedding theorem
IVall oo (o) < C(T)-

The final estimate [|0;Val|p2(p0y < C(T) also follows from (5.2.10) and the Sobolev

imbedding theorem, completing the proof of the lemma. O

As is usual in the error analysis for parabolic equations, it is necessary to consider
elliptic projections. We define Uy, € WL (0,T; V,’;) and V,, € WL (0, T; VY) satisfying, for
t e [0,T],

(Bpu(t) — B.Un(t), Buxn)y =0 Vxa € VE, (5.2.11)
A (u(t);v(t) — Va(t), wn) =0 Vuwp €V}, (5.2.12)

where the bounded bilinear form & (u;-,-) on H'({2) is defined by (see [45])
& (u;01,02) = v (Og01, O0z2)g — (uv1, OzV2)g + A (v, 12), Vur,v2 € H'(£2). (5.2.13)

Here, the constant A > 0 is chosen appropriately to ensure that & (u;-,-) is H(§2)-

coercive. We note that

2
o (u30,0) = v]|8zvll§ = llull gy I0llo 19lo + Al lla

1 9 2
> v[|azlly — 2 lvllg + 5 19:01) + Aol

Ce 2 C 2
> (v = =) I8zl + A= 5 Il
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By choosing ¢ > 0 sufficiently small and A > 0 sufficiently large so that

. Ce C
o= — A = 2.
min (IJ 5 2€> > 0, (5.2.14)

we deduce that &/ (u;-,-) is coercive and satisfies
& (u;0,0) 2 o ||v||§ : (5.2.15)

Let the errors in the approximation of (5.1.7)-(5.1.9) by (5.1.12)-(5.1.14) be denoted
by e and f3, i.e.,

en(z,t) = u(z,t) — Up(z,t) and fu(z,t) :=v(z,t) — Vi(z,1). (5.2.16)
Recalling the symbols 7, ¢, p and £ defined by (4.2.7)—(4.2.10) as
n=u-Un (=Uh=Un p=v-Vh E=Vi-Vp,
we rewrite e, and fp as:
en(z,t) = n(z,t) + (z,t) and fulz,t) = p(z,t) +&(T, ). (5.2.17)

Therefore, to estimate e, and fj, we estimate each of the terms 7, ¢, p, and £. In the
following lemma, we show the approximation properties of the elliptic projections defined

in (5.2.11) and (5.2.12).

Lemma 5.2.2. Assume that u € WL (0,T; Hb(2) N HPTX(2)). Assume further that
v € WL(0,T; H1*1(2)). Then the functions n and p defined by (4.2.7) and (4.2.9)

satisfy for 7 =0,1

), < CRP7 ) (5.2.18)
18en(t)ll; < CHFF 1Bl pya » (5.2.19)
lo@)l; < CRIF [0(8) g (5.2.20)
0O < ChF (00 + 1900 11) (5.2.21)

Moreover, if Ouv € L=(0,T; HI1(£2)) and 8.V, belongs to L=(0,T; H'(12)), then

8o, < Ot ([0l + 100 g+ 1000 Blgs) s S=01 (5:2:22
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Proof. By differentiating (5.2.11) with respect to t, it can be seen that 8, is the elliptic

projection of dyu such that

(BezUn(t), Ozxn)g = (:Va(t), Bxxn)y  Vxn € VE.

Hence, (5.2.18) and (5.2.19) with j = 1 follow from standard argument. The results for
j = 0 can be obtained by using the Aubin—Nitsche trick, which is also called the duality
argument; see e.g. [53, 58].

Similarly, (5.2.20) can be proved. The proof of (5.2.21) is slightly different since 8;V},
is not the elliptic projection of d;v if one differentiates (5.2.12) due to the fact that u

also depends on . More precisely, we have from (5.2.12)
& (u(t); Bsp(t), wr) = ((Beu(t))p(t), Oxwn)y VYwp € V. (5.2.23)

We follow the technique used in the proof of [58, Lemma 3.2]. Let \7,:‘ € V} be the elliptic
projection of d;v defined by

o (u(t); Bpu(t) — Vi (t),wp) =0 Vwp € Vi (5.2.24)

Then
Hatv(t) — V,f(t)“l < Cht ||8tv(t)||q+1. (5.2.25)

By using (5.2.15) and (5.2.24) we obtain
V(1) — 0 Va(t)|[2 < Cot (w; Vi — 8V, Vi — 8:Vh)

= Cot (u; (Vy — O) + (B0 — 0 V), Vil — 0eVi)
= Ct (u; 0up, V5 — O:Th).

This and (5.2.23) yield

|7 (8) = BVa®)} = C ((Bru)p, 0a(Vir — 8:V),
< C18u(®)ll oo (e 1o ®) 1o | (Vi = BV Ol »
so that due to (5.2.20)

17(t) = 8V (®)]|; < CllOu)ll oo () 1oD)lo < ChHH |l Lo () 0Ol g1

< CRT*H ()41
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for h sufficiently small. This inequality together with (5.2.25) and the triangle inequality
gives (5.2.21) in the case j = 1. The result for j = 0 can be obtained by using Aubin-

Nitsche’s trick again.

Finally, by differentiating (5.2.23) with respect to t we obtain
o (u; Oup(t), wr) = (20pu(t) Bep(t) + Onu(t)p(t), Sxwn)y  Ywn € VE

Inequality (5.2.22) follows by using the same argument as above, thus completing the

proof. O
The next lemma shows the superconvergence property of £ and ¢.

Lemma 5.2.3. Assume thatu € WL (0,T; HY(Q)NHP(R)) andv € WL(0,T; HIV1(£2)).
Then, the following estimates hold

HC“W;(Hl) < Ch? (“u“LC’Q(HP‘H) + ”atUHLm(HpH) + H’U||L°°(Hq+1)
1000l ow gy ) (5.2:26)

and

IEN poo arty + 186EN oo a0y + 106l L2arry < BT (HUHLw(HPH) + [18¢usll oo prpi1)y

+ ||U||Loo(Hq+1) + ||at’U||Loo(Hq+1)> . (5.2.27)

where v = min(p + 1,q + 1). The positive constant C depends on T, o and A defined in
(5.2.13) and (5.2.14).

Proof. First we note that by subtracting (5.1.12) from (5.1.7) we have
(821, Bxxn)p + (8¢, Ozxn)o = (P, BaXndo + (& OzXn)o VXn € VP,
By using (5.2.11) we have
(8, Bexido = (,Baxio + (€ Buxw)o Vxn € V- (5.2.28)
Substituting xp = (¢ € Vﬁ in (5.2.28) and using the Cauchy Schwarz-inequality, we deduce

10:¢(®) o < lp@)llo + €@ o -
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Since ((t) € HE(f) this implies
le@l < (el + @Il )- (5:2.29)
Moreover, by differentiating (5.2.28) with respect to ¢ we have
(BtaC, axn)y = (0o, uxn)o + (B:, Duxn)o Vxn € Vi (5.2.30)
By using the same argument we obtain

18 < (e, + 12l )- (5.2:31)

Consequently, (5.2.26) is proved if we prove (5.2.27), noting that the bounds for ||p(t)(,
and ||0:p(t)||, are given by Lemma 5.2.2.

In the following part, we prove (5.2.27), which is divided into three steps.
Step 1: We first prove

1€l ooy + 102y < R (1l oamssy + 1ol onagarny + 1860l osgaranny ) (5:2:32)

and prove (5.2.26).
By subtracting (5.1.13) from (5.1.8) and recalling (5.2.16), we obtain

(81 frywh)o + ¥ (Oufh, Oxwh)g = (uv — UpVh, Ozwh)g  Vwn € Vi

Since

wo — Up Vi = u(fn + Vi) — UnVh = ufn + Vaen,
we have
(B i, wh) g + ¥ (B frr Oawh)g = (wfn, Dwn)g + (Vaen, Oxwn)g Y € Vi (5.2.33)
On the other hand, it follows successively from (5.2.17) and (5.2.12)
o (u; &, wh) = & (U3 f + Py wh) = 52{(“§fh7wﬁ)a
and the definition (5.2.13) of & (u; -, -) that

o (us €, wn) = v (D5 fir Oxwn)g — (ufh, BawWh)o + A (fn, Whlo - (5.2.34)
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Rewriting
(Ocfn, wr)o = (Bep, wh)g + (B, W),

and adding (5.2.33) and (5.2.34) give

(0, wn) + & (u; €, wr) = — (Osp, wr)o + (Vihen, Bzwh)g + A (fr, wr)g (5.2.35)
for any wy € V. Letting wy, = £ € V} we have
1d
2d IE@NZ + 2 (u:€,€) = — (:p,€)g + (Vien, 0zl + A (f, E)g - (5.2.36)

By integrating (5.2.36) from 0 to ¢, using the coercivity of 27 (u; -, -) and the fact that V,
and V}, can be chosen such that £(0) = 0, we obtain

N+ [ ds < 0 [ [@wte), oo ds+ € [ | (hielents), deeieo | ds

+ c/ot | (fa(s), £(5))q \ ds. (5.2.37)

For the middle term on the right-hand side, Lemma 5.2.1, (5.2.29), and Hélder’s inequal-

ity give, for any € > 0,
t t
/0 | (Va(s)en(s), 0e€(s))g | ds < IVall 10y /0 (In(lly + 116}l ) 1€ (5}l ds
t
< [ (Ilo-+ o)l + IE(6)a ) 19:£(5)lo ds
2 2 ' 2

< (s + Wiy ) +Ce [ NG s

The first and last terms on the right-hand side of (5.2.37) can be estimated as follows.

[ @t 6o as < [ 100N le(el 4 < C1orpligy + O [ IR s
0 0 0
and

1
t ot ot
[ nieneteho]ds < [ 1o Il ds < C lolfzgre + Ce [ et as
0 0 J0
Thus, (5.2.37) gives
t
13 + [ VeI ds < € (Inlmqum + olfmgs + 100l

0

t
e / lE(s)|2 ds.
0
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By choosing € > 0 sufficiently small such that 1 — Ce > 0 we deduce

t
IO+ | IR ds < © (1o + Dol ey + 100l

Inequality (5.2.32) now follows from Lemma 5.2.2.
Step 2: We next prove

€N oo 1y + 10e€ll L2 g0y < CRY <||u“L°°(Hp+1) + (18¢utll oo (gro1y + V]| poo (grmeny

+ 10001l o arosn)) - (5.2.38)
By choosing wy = 8¢ in (5.2.35) we have
[8:E )15+ (us €, BeE) = — (Bep, Be) o+ (Vien: Oual)o+ A (fry Bi6)g  Vup € Vi, (5.2.39)

Since
d
<“.£7 6tz£>0 = s <U£a 6z£>0 - <fatu7 63:5)0 - <uat£aa:t£>07
we have
o (u;€,0:6) = V( 8z€, 0izE) — (ug, 04z&) + A (€, 05€)
22 o603~ 5 (08, uhy + (6900, 028)g + (wBt, ubho + 5 IO,

Moreover, it is easy to see that

D Vhnen, )y — ((BVi)ens BuE)o — (Vadien, Bsb)g -

<Vheh7 8t:1:€> dt

Hence, it follows from (5.2.39) after rearranging the terms that
2 2 2
oiE(t
. 3 L .t} + 5 < IEDIZ + 1003
d
<U€ 0€)o+ 7 (Vien, 8280 — (Bep, Bel)g + A (fh, Beb)o — (€ Oru, Buk)o

— (udE, 0z€)g — <(8ch)€}“ 0:E)o — (VhOsen, 0z€)g -
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By integrating from 0 to t and using £ = 8;¢ = 0 at ¢ = 0, we deduce
v 9 A 9 t 9
S 1R£01E + S U3+ [ 10 ds
— (W(OE(0), 22600 + h(en(8), 0.6~ [ (@uots), 08(5) s
0 [ (60,0806 ds — [ (6100005, 0u8(6Dg do— [ {ul)01e(0).BuelsD ds
- /0 (OVh())en(s), Bub)g /0 Vh()0ien($), )y = At -+ Tor (5.2.40)
Recalling (4.2.2) and using the Holder inequality, we estimate 1, J5 and J as
(51 < [l ey 1€ NOEE) o < C ey + O 02D
1951 < ooy [ 16O 102606l 05 ) < C (I + 1€z
1951 < Vollm oy | 106N IEn€(6N ds < Ce [ 1O€IE di+ Clelary
Similarly, by using Lemma 5.2.1 and (5.2.29) we estimate 93, 7 and J3 as
(3] < IVAl e ey e g2y 182D 20y < © (INOIE + ICOIE) + Ce s )13
< C (Il qay + 1wty + NElE 110y ) + Ce 0L

|77] S/O 18eVi ()| oo 0y llen($)1lo 102€ ()l ds

< Jlenll oo 0y 18:Vill L2 pooy 102€ 1 L2 (o)
7 : <C (|l +llI7 +J|9:€ )17
< C (NlenllZoo(zroy + 1028l 720y ) < C {Inllzo0 a0y Loy 1 11028120

2
< C (Il ey + Wm0y + 160G ey + €02 )
and
vt
%] < [Villpoo 200y / 10uen()lo 18:E() o ds
JO
ot
< Ce / 10cen(s)2 ds + C 10:€]13 0y
0
t ot
<o / lam(s)|2 ds+ Ce / 18:¢() 2 ds + C N3y
JO JO

t
, 2
<C (||3t77||2L2(H0) + 10:plI 72 a1y + ||5||2L2(H1)) + Cé/o 10:£(s)l ds,
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where in the last inequality we used (5.2.31). Finally,

t
1951 < C ouplzmy + Ce [ 101€(6)8 ds.
and
t
2
3] < O ol + €l + Ce | 01605015 ds.
Hence, (5.2.40) becomes
v 2 A 2 t 2
2 Ios£ 1B + 3 IR + [ 1a€IE
2 2
<C (||€||Loo(H0) + 18022 arty + 1703 0 a0y + NN Zoo 10y + 18672 10y + Hatp“QL?(HO)>
t
+ el +Oc [ e ds
0

By choosing € > 0 sufficiently small so that

v

§—Ce>0 and 1-Ce> 0,
we deduce

t
1B=€ ()15 + /0 10E(E ds < C (1€ Feeaoy + 16132 gy + 1l Eoo a0y + 121 oo o)
+110m T2 a0y + ||3tﬂ||i2(H0)> :

Thus, (5.2.38) follows from (5.2.32) and Lemma 5.2.2.

Step 3: Finally we prove

18 | oo g0y + 18:€ ]| 2gpry < CRT ([1ull poo ggroery + 10eull poo ) + 10l oo pra
(H®) (H1) )

+ ||5tU||Lm(Hq+1)> : (5.2.41)
By differentiating (5.2.35) with respect to ¢, noting
A (u; 0,€, wp) = (£B¢u, OxWh)g
and rearranging the terms, we have

(B, wh)g + & (w5 BE, wh) = (E0eu, Ozwn)g — (Buep, Oswr)g + ((8:Vi)en, Oxwh)o

+ (Vhateh,axwh>0 + A <8tfh,’wh>0 Ywp, € VZ.
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Setting wy, = 0:§, integrating from 0 to ¢, and using the coercivity of &/(u;-,-) and
& =0 at t =0, we obtain

oz + [ lael:
<c</] $)8vu(s), Brat (s \ds+/’6ttp B (s ‘ds
/ | (BVh(s))en(s), Bt (s) ‘ds+/ | (Vi()Bien(s), Bunt ()} | ds
/‘atfh L B,£(s ]ds>_ S

The right-hand side can be estimated in the same manner as in the proof of Step 2, such

that

| 7] < |0pu| poo (oo /Ot 1E(NIo 1012 ()lg ds < ClIEN Loo(roy + Ce l1BE@IT
1931 < O el + O [ 10€(E .
1951 < Oyl + 19 ey + C [ (SR s,
and finally we estimate J3 and 4 as
1951 [ 180 mi len o) 1)
< lenll poogzroy 10:Vall L2 pooy 10t2€ll L2 10y < € (Hehﬂiw(m) + ||5tz€||2L2(H0)>

<C (||’fl||2Loo(H0) + [1¢] o 10y + ||3tz§||%2(H0)>

< C (Il ee rr0y + Nolimurey + 1€ ey + 18610 )
and
EAR AP /0 " JB1en(lo houst(s)l ds < Ce /0 Joren(s)13 ds + € bl
<c /0 Jam(s)I? ds + Ce /0 (o)1 ds + C o Eary

t
2
< C (Jloml ey + 10upl 2 arey + 186€ N 2y ) + Ce /0 l8:£(s)I13 ds,
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where in the last inequality we used (5.2.31). Thus, we have

t
I8 ®IIg + (1 - Co) /0 1)1 < € (e Zoeqro) + 10uplZgarey + Il Fee o)

+ ||P||2Loo(H0) 1107013 2 g0y + 10epl F2 (110

100220y + 19101z ) -

Choosing 1—Ce > 0, noting (5.2.32), (5.2.38) and Lemma. 5.2.2, thus complete the proof
of the lemma. O

Combining the results in Lemmas 5.2.2 and 5.2.3 we are now ready to state the

a priori error estimates in the approximation of (5.1.7)-(5.1.8) by (5.1.12)-(5.1.13).

Theorem 5.2.4. Assume that uw € WX (0,T; H}(2) N HPTL(2)), and
ve WL(0,T; HI()). Assume further that V and V3, satisfy V-V, =,V -8,V =0

at t = 0. Then, there exist positive constants C > 0 independent of h such that

len(®)|; < CRmInPH=Ia+) ( [l oo rrpry + NVl poo a1y + 1020]] poo (pra+r) )-,
18ren(t)llg + 18:Fn ()l g < CR™REPHLaHD ( [ull oo (prory + 10sull poo gpry + [0l oo (pratry
+ ||8tU||L°°(Hf1+1)>7
|8ren(D)Il; < Chmineatl) ( ||“||L°°(Hp+1) + ||U||L°°(Hq+1) + HatU”Loo(HqH)),

n(E < ORI (o ey + ol + 10 oy )
and
/Ot 18:fr(s)|l; ds < ChmnP+he) < llull oo o1y + 19ul] oo gy + [0l oo (rrasr)
R p——"

for j=0,1.

5.3 A posteriori error estimation

In this section, we design strategies to compute a posteriori error estimates from the

finite element solutions Uy, and Vi, computed by using (5.1.12)-(5.1.13).
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We approximate the true errors ep, and fj, see (5.2.16), by E € S,’;H and F € Sg“,

respectively. From (5.1.12)-(5.1.13) and (5.1.7)-(5.1.8), we infer that the true errors
satisfy

(Ozen(t), Ozxn)o = (fu(), OzXh)g Vxn € f)g./ (5.3.1)

and

(1 fr(t), wh)g + v (O fa(t), Oxwh)g — (en(t) fu(t), Ozwh)g — (Un(t) fr(t), Ozwr)g
— (Va(t)en(t), Oxwn)y = —v (02 Vi(t), Bxwn)g + (Un(t) Vi (L), Ozwn)
~ (OiVa(t), wn)o  VYwn € V. (5.3.2)

At t =0, noting (5.1.9) and (5.1.14), we have
{fr(0), wh>0 =0 VYuwe€ Vg‘ (5.3.3)

Due to (5.1.13), the right hand side of (5.3.2) vanishes. However, for the purpose of
developing a posteriori error estimates, we keep these terms in the equation as indication
of how the a posteriori error estimation should be.

By using the local inner product (2.2.1), we propose to approximate the exact errors

e, and fr, respectively, by E € S,’;H and F ¢ S,‘i“, where F and F are computed locally

on §2;,1=1,...,N, by one of the following four methods.

Method (i): Nonlinear parabolic error estimate

Let E € SP™ and F € S{*' be defined on (2; by
<01E(t)7 8z>2h>0,9, = <F(t)7 dzf(h)g,()l + <Vh(t); 83:)2)0,_(21 (5-3~4)
for any Xn € SP*! and

~

(O.F (), Wh)g o, + v (0= (£), Bxtdh)o,q — (B)F (1), Otbn)o,q — (Un(t)F (1), Oatin)o o

— (Va(®)E(2), 82n)g o, = (Un(t)Va(t), OsBr)o,o, — (BVa(t), Wr)o,e (5.3.5)
for any wp, € Sg“ at t € (0,T]. An initial condition at ¢ = 0 is defined by

<F(O) 'd)h>0,_(2l = <693u07d)h>0,.(2[ - <Vh(0)7wh>0,ﬂl (5'3'6)
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for any wy, € Sg“.

Method (ii): Nonlinear elliptic error estimate

Let £ € SP*! and F € S be defined on £2; by
<azE(t)7 6z>2h>0,(ll = <F(t)v 6z)2h>0,(21 + <Vh(t)7 aa:fOO,Ql
for any x5, € Sﬁ“ and

V(0 F(t), 0xtn)g o, — (E()F(t), Oxthp)g q, — (Un(t)F(t), 0sr)g

— (Va(t)E(t), Ozn)g 0, = (Un(t)Vi(t), Oxtin)g o, — (O:Va(t), Wrdo o,
for any Wy, € SZH at £ € (0,7]. An initial condition at ¢ = 0 is defined by
(F(0),Wr)g,0, = (Ozuo, Wh)g,n, — (VA(0),dr)o,0,
for any Wy, € SZH. |

Method (iii): Linear parabolic error estimate

Let E € SZH and F € SZH be defined on {2; by
(BB (1), OXn)o, = (F(t): 0xXn)o,0, + (Va(t), 0zX)o 0,
for any xp, € S,fﬂ and

(B:F (), Wh)g g, + ¥ (O F (1), OcBr)o 0 — (Un(t)F(t), 021n) o,

— (VA()E(), Butindo g, = (Un(O)VA(0), Do g, ~ (BeVA(0), Brdo, g
for any wy, € SZH at t € (0,T]. An initial condition at t = 0 is defined by
(F(0), Wnbg, 0, = (zti0, Wr)g,0, — (Va(0), Br)o g,
for any wy € SZH.

Method (iv): Linear elliptic error estimate

Let E € S,’;H and F € SZH be defined on §2; by

<amE(t)>az)zh>0,Ql = <F(t), azf(h>0,_()l + (Vh(t)a azf(>0,(ll

(5.3.7)

(5.3.8)

(5.3.9)

(5.3.10)

(5.3.11)

(5.3.12)
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for any %, € 8P and

v {Q (), 82 ®h)g o, — (Un(t)F'(t), Oatin)g o — (Va(t)E(?), 82Wh)o g,

= (Un(t)Vi(t), 0xtn)g o, = (O:Va(t), Wn)g 0, (5.3.13)
for any 0y, € SZH at t € (0,7]. An initial condition at t = 0 is defined by

(F(0), Wr)g q, = {Ozu0,Wh)g 0, — (Va(0), Wr)g o, (5.3.14)

for any wy € SZH.

We note that, in the computation of a posteriori error estimator F', an additional sav-
ing on the computation cost is obtained by neglecting the time rate of change in (5.3.5),
thus reducing the nonlinear parabolic equation of Method (i) by the nonlinear elliptic
equation (5.3.8) of Method (ii). Lastly, for Method (iii) and Method (iv), we neglect the
term (E(t)F(t), 0:r)q o, Tespectively in (5.3.5) of Method (i) and in (5.3.8) of Method
(i) to have linear parabolic equation (5.3.11) and linear elliptic equation (5.3.13).

Since supp ¢k = Qy, if 9 € H°(£2) then the statement

(h,%n)o =0 Vin € SIH

is equivalent to

("/},f(h)o’_()lzo Vf(hESﬁ_'—l, l=1,...,N.

Hence, in fact (5.3.4)—(5.3.14) hold for the inner product on the whole domain Q.

In order to emphasize on the polynomial degrees p and ¢, as in the remaining part
we will need different projection onto spaces of different polynomial degree, we rewrite
Unp =0, € WL(0,T; V,’:) and Vo := Vi € WL(0,T; V), where Uy and V), are defined
by (5.2.11)—(5.2.12).

Letting € such that

&(t) = llea®lly + 1fa (@)1

where [|en(t)]|; and || fa(t)]l, are defined in Theorem 5.2.4 and letting £ such that

B(t) = |E@, + IFOl,
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we then define the effectivity index © as follows

We now state the main result of this section.
Theorem 5.3.1. Let Vj, ; be defined by (5.2.12) and Vi 4 € Vi be defined by
(v=Vhgwh), =0 VYuwp € V. (5.3.15)
Assume that the Congecture 4.3.1 holds and assume that
é(t) > Chmin(pa), (5.3.16)

Then the approzimate errors E € S,’:H and F € SZH defined by Method (i)-Method (iv)
satisfy for almost allt € [0, T

i =1
fm,00)

We now provide the proof of Theorem 5.3.1, which is based on the following lemmas.

For the analysis, we define & € S,’:H and f € SZH such that for [=1,...,N
(0:8(t), B Xh)o.0, = (Bute(t) — eUnp(t), Bakn)g o, VRn € SET (5.3.17)
and
A (u(t); fu(t), wr) = @A (u(t);v(t) — Vhg(t), 0n) Vi € SZH, (5.3.18)

where o7 (u;-, ) is defined as &/ (u;-,-) but on (2.
Similar to the previous chapter, letting

G=u—(Onp+8), (=2-B, p=v—(Vagt+f), E=f-F (5.3.19)
we rewrite:
en—E=7+C+¢ and fr—-F=p+&+E (5.3.20)

In the remaining part, we focus on estimating ¢, p and £ of (5.3.20). We note that
the estimates of ||C(t)||l; and [|£(t)||; are presented in Lemma 5.2.3. We also note that

from Lemma 4.3.3 we have

i) < CRH [u(®)lpee (5.3.21)
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We now focus the estimation of ||p(t)||;. In general, we have
A (u; fwn) # 0 Ywy € VY,

where Vh,q + f is not the elliptic projection Vh,q+1 of v into VZH; see (5.2.12). However,
Vh,q + f approximates v with same order of convergence as Vh’q+]_. In order to show

this we first attempt to obtain two superconvergence results (Lemma 5.3.2 and Lemma

5.3.3).

Lemma 5.3.2. Assume that v € WL (0,T; H1*2(2)). Let Vi 4 be defined by (5.2.12)
and Vi,q € Vi be defined by (5.3.15). Then

[Vha(t) = Vag@)]l; < CRIFH lu(®)]l g1 5 (5.3.22)

and

86V 0(8) ~ BVha ], < CH (IOl g1 + 180051 ) - (5.3.23)
Proof. Firstly, we prove (5.3.22). From (5.3.15) we have,
— . 2 — - — - —_ — ~
HVh’q(t) - Vh,q(t)Hl = <(Vh,q - U) + (U - Vh,q)’ Vh,q - Vh,q>1 = <Vh,q - Vh,q - Vh,q>1 :
Noting that

_ _ . 1 -~ _ .
(02 Vhg — 020, 0 Vig — OxVhg)y = ~ (U3 Vhg = v, Vig = Vhg)

1 _ _ .

+ ; <U(Vh,q — ’U), anh,q — 81Vh’q>0
A~ _ .

— ; <Vh,q — v, Vh,q — Vh,q>0

and & (u; Vi g — v, Vag — Vhg) = 0 due to (5.2.12), we deduce
1Pna®) — Vi OIF = (Thg = 0, Trg — Vagd + 3 (ulVhg = ), 8aVhg = BuVha)g
_ % (Vg =0 Vhg = Vag)s
< ([ Vha(®) = v(®)l|g | Vh.a(®) = Vag@llg
4 L Tngt) = o0 192Tha(t) = 0:T g0,
4 2 Tag®) ~ 00l [ gl = Vag®l,

< C[hg®) — vy [ Vaa(®) = Vag®ll, -
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This implies
[Viq(t) - Vh,q(t)||1 < C|[Vag(®) - 'U(t)Ho
and the desired estimate (5.3.22) followed from (5.2.20).

It remains to prove (5.3.23). By differentiating (5.3.15) with respect to ¢, we have
(O — BV g, wp), =0 Yy € V.
This together with (5.2.23) gives
18 Vg () = 8 Vi g ()| = (8:Vhg — B0, 8:Vhg — Vi),
= (BuThg — 80, 0WVhg — OVhg)y + = (w3 0Thg — 00, 0Th g — OVh )
+ % (w(0yVh,g — B4v), Otc Vg — OtxVihg)y — % (0,Vhg — 0¢v, 0 Vg — B:Vig),
= (OVh g — Oy, 8¢V g — 5ch,q>0 + % {(Bsu)(Vhg = v), Otz Vg — 3thh,q>0
2 (BT~ 80), BT~ uaVi)y — g (80Vhqg - 800, 8Vhg — BiVh ),
< € ([18Tg(®) ~ 300y + [T @) ~ vy ) 187000 = 2V
implying
100 ®) = Vg @), < € (18:h(8) = B0l g + [ Vag(t) = v(6)] )
Thus, by noting that v — Vi = p, (5.3.23) follows from (5.2.21) and (5.2.20). O
Lemma 5.3.3. Let f € Sﬁ“ be defined by

(Frion), = (v = Vig n), Vibp € ST, (5.3.24)

where Vi, 4 is defined by (5.3.15). Assume that v € WL(0,T; H1%2(12)) and the Conjec-
ture 4.3.1 is satisfied. Then there holds

|6500) — 03Tq(6) - 87O, < Ch% (Ju(Olso + 00l ) 0= 0

where 8 = 8*/0t*, i =0,1.
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Proof. Let Vi 441 € V,‘i“ be defined by the same equation (5.3.15) with polynomial

degree ¢ + 1 instead of ¢. Then, by using standard finite clement arguments we have
[8Fv(t) — BV g41 ()|, < CRIT <||U(t)1|q+2 + ||a;'v(t)uq+2) )
Therefore, by using the triangle inequality we obtain

||azv( 6chq ”1
< [[Bfu(t) — 0 Vage(t ||1 +[|6;Vh, q+1( ) 0 Vag(t) — FB);
< ORI 4 ||8i V41 () — B} Vi g(t) ol (5.3.25)

The lemma will be proved if we can prove ||a§Vh,q+1(t) — OV q(t) — 8§f(t)H1 < Chtl.

By noting that Vq+1 =Vl S,?Ll, we can write Vi 411 a8
Vigr1 = Vag + f where Vh, €V} and fe Sg“. (5.3.26)
We also note that
(8uf ,n ), = (0w — BVig, D), Vidn € SItt,

This together with (5.3.24) and the definition of Vihg+1 gives

897,002 - 8 Vg~ a0

- <a§i)v 0OV g — O F), 00Vh g1 — BiVig — O f>

= (80~ 0 Vg = 8if BiThg = 8iTna), + (0w — 0 Vhg = 01,001 - 0] 7,

= <6t(i)vh,tﬁ-1 — 0 Vhg — 0,0 Vhg - 53Vh,q>1

< [0V g () — 3 Whalt) — 2470, 87Tt~ B Tiat0)]-
This implies
|66 ¥hgar() — W) = 870, < [07Vnate) = 67 Vagtr)]-

With Conjecture 4.3.1, we obtain the required result. O

We are now able to estimate [|5(¢)|l; and [|0:5()]l;-



5.3 A posteriori error estimation 84

Lemma 5.3.4. Ifve WL (0,T; H2(12)), then
1A < ChIH o)l g4z » (5.3.27)
105011, < CH (Nl + 100 ()4 ). (5.3.28)
Proof. By using the coercivity of the bilinear form &/ (u;-, ), noting &/ (u; 5, f) = 0 and
Holder’s inequality, we have
P01} < C o (w0~ Vhg = ) = Col (wi B0 = Vhag) = C(us v — Vhg — )
< C @ o) = Vg () = FB)];
implying
1Ay < C [v(t) = Vag(t) = FOl; < C [[Vag(t) = Vag®)[l,+C [[0() = Vhg(t) = FB)]]; -

The desired estimate (5.3.27) now follows from (5.3.22) and Lemma 5.3.3 (at j = 0).

It remains to prove (5.3.28). The same argument as in the proof of Lemma 5.2.2
is used here. First we note that 0;f is not the projection of 8;p by the bilinear form
& (u;-,-). In fact, we have

o (w3 8,5, ) = & (u; 8p — O f, n) = ((Beu) P, Oiin)y Vi, € SFF. (5.3.29)
Let f* € S{*! be defined by
o (w;Byp — f*,0p) =0 Vabp, € ST (5.3.30)
By using the triangle inequality, we have
18:8(1) 11 < NBeo(t) — £ @)y + || F7() = Bef ()], = A+ P (5.3.31)
Noting (5.3.30) we have
T2 < Cat(w,0p— f*,0p— [*) = Cat (w; 8p — f*,84p) = O (w; 0p — [*,0ep — 8:f)
< Claup(t) = £ @)y [[0ep®) — e F DI,
implying
T < Cllap(t) —af )], =C |80 (t) — 8:Vhg(t) —af®ll,
< C||8Vhg(t) = BVhg(®)]], + C |00 (t) — 8:Vhg(t) — S ()],

< O (Ol 42 + 18:0(E) 1) (5:3.32)
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due to (5.3.23) and Lemma 5.3.3 (at j = 1). To estimate 95, by referring to (5.3.30) and
using (5.3.29), we have

T < C o (us f* = Of, f* = 0F) = C.ot (w; 005, f* — &) = C{(Bru)5, 0a(f* — B ),
< Clla®o |17 (#) - 2:F (1)

1 ?

implying
Fo < ClpE)lg < CRI 0(E)]] g2 - (5.3.33)

Inequality (5.3.28) now follows from (5.3.32) and (5.3.33). a
The following lemmas give the estimate of £ and ¢ in the H'(§2)-norm.

Lemma 5.3.5. Assume thatu € WL (0,T; H} (2)NHP2(2)), andv € WL (0, T; H72(12)).
Then the following estimates hold:

HC_HW(}O a1y < OBV ({1l oo grorey + 10¢ull poo o2y + ([0l poo (702
(HY) ) ( ) ( )
R X Py (5.3.34)

and

€N Lo izoy + €]l 2 any < CB (||U“Loo(m+2) + 10¢ull poo (prot2y + 0l| oo (rra+2y

186l oo ras3)) (5.3.35)
where C = C(\,v,T) and vy =min(p+ 1,q¢+ 1).

Proof. We present the proof only for the case that E' and F are defined by (5.3.10) and
(5.3.11). It follows from (5.3.20) and (5.3.17) that for any X € Si*" we have

(8aT, BeRn )y = (Onens BuXno — (Os B, BaFn)g — (0aC, Oukn)g VR € Sh'

By orthogonality of the Legendre polynomials we have (0,Un, 0z Xn)y = 0. Therefore,
rewriting ep = u — Uy, using (5.1.7) and (5.3.10) we obtain

(008, 8u5n )y = (0, 0uXnbg = (Fr0aRndo — (Vas Bun)o — (9o, Bekn)o VRn € ST
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Recalling that v — Vi, — F = 5+ £ 4 ¢ we have

<aa:67 aa:f(h>0 = </37 aa:f(h)o + <§_ 61:)2h>0 + <§76m>2h>0 - <5¢,;C, aa:f(h)o Vf(h € Sﬁ-l—l'

Substituting ¥, = ¢ € Sﬁ"’l, using Holder’s inequality and simplifying we deduce

19l < 2@ lo + €@ + 16D + 182C(E)lo -

The Poincaré inequality yields

[, < c(1aeis + ED, + ey + IO, )- (5.3.36)

By noting Lemma 5.3.4 and Lemma 5.2.3 we have

”EHLC’O(Hl) <Cn (”“”LOO(HPH) + |Iat““L°°(HP+1) + ||U||L°°(Hq+2) + ||at“”L2(Hq+1))
€l oo arey -

Therefore, (5.3.34) is proved if we prove (5.3.35).
Noting the definition of £ in (5.3.19) and using (5.3.11), for any Wy, € Sﬁ‘"l we have

<at€7 ,lbh>0 = <at]?7 Ilbh>0 - <atF7wh>0
= <atp7 wh)o - <atﬁ, UA)h)O +v <amF>az7Dh>0 - <UhFaazwh>0 - <VhEa.am“A’h>0

— <Uth, axﬁ)h>0 + <8ch, ﬁ)h>0 .
Recalling that 8;V}, = 0;v — 8;fr and using (5.1.8) we have

(B, n) o = (Orp, Wn)g — (0eps Wn)g + v (0o F, Oxthp)g — (UnF', Odn)g — (VaE, Oztin)g

— <Uth, azlf)h>0 —v <8Iv, ac,ﬂf)h>0 + <uv, ag;lf)h>0 — <atfh, ﬁ)h>0

for any wy, € Sg"’l. By rearranging the terms, rewriting £ =n—17— Cand F=p—p—¢&
we deduce
(8€, )y = (Bep, Bh)g — (827, Br)g — (UnF, Odn)g — (VaE, Bxdi)g — (UnVh, Oalin)g
+ (uv, W) — (Osfh, Wh)g — V (Ozv — O F, OzWn)g -
— (B,p, Dh)g — (8:B, W) — {Unlp — B — £). Bxtin)g — (Valnn — 11 = ), abp)

+ (wv — UpVi, Bxln)g — (O: S, Wn)g — v (Oxv — 02 F, Oxtin)y - (5.3.37)
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Since (0zVh,0Wr)g = 0 due to the orthogonality of the Legendre polynomials there
holds by using (5.3.20), the definition of the bilinear form .o (u;-,-) and (5.3.18)

V(00 — 0o F, Optin)g = v (Ba(v — Vi, — F), 8Dl = v {02 + 8u(f + £), Butin ),
= v (0:€, 0uWh)g + o (u; p+ &, 0n) + (u(p+ £), atn),
=M+ & i),
= v (00, Bbn)g + o (u; €, 1) + (u(p + &), Ozthn ),
— AP+, dn),- (5.3.38)

Noting that uv — UpVy, = w(fy, + Vi) — UnVi = epv + frUy, it follows from (5.3.37) and
(5.3.38) that

(B, h)y + & (u; €, Dn) = (Bep, Wa)g — (B:h, Wa)g — (Unlp — p— &), Outin),
— (Vi(n =71 = ), atdn ), + (env, Bzn)g + (fuUr, Oxr)g

— (Oefn, Wn)g — v (02, Betdin)g — (u(P + ), Buthn ),
+A(F+E ), VineSET (5.3.39)

Substituting W, = £ € SZH and using Holder’s inequality we obtain

Zdt L ez + e lE) I < (10 lo + 185015 + 1@l + 121 o + In(t)lo
+ 1A + [1CE) g + llea®llo + 1 Fa®llg + 12:Fa()llg
e ) 1€,
< (18l + 18I + 1) + 120G + In(8)]g
+IFONE + 1EOIE + IO + llen®llo + 1Bl
0@+ DI ) +Ce €D, (5.3.40)
where in the last inequality we used (5.3.36) for the term ||{(¢)|);- Thus, rearranging the

terms in (5.3.40), choosing € > 0 sufficiently small such that o — Ce > 0 and integrating
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from O to ¢ we have

@l + /0 [é@If ds<c /0 (12:2()I3 + 18:B()IE + 1o() I3 + 12( + ()11

IR + 16+ ISR + len(o)IF + 1Fa(s) 1
+10un(5) + ()R s

Hence, the desired estimate (5.3.35) followed by noting Lemma 5.2.2, Theorem 5.2.4,
Lemma 5.2.3, (5.2.32) and Lemma 5.3.4. O

In the remaining part of this section, we estimate ||& (t)||1

Lemma 5.3.6. Let the assumption in Lemma 5.5.5 be satisfied. Then for any t > 0,
there holds

HEHLOO(HI) + HatE_HLz(HO) < ChY (““’||L°°(HP+2) + [|0eul| oo (gro+2y + V]| poomrate)
+ “atU“Loo(sz)) ;
where C = C(\,v,T) and y=min(p+1,q+1).
Proof. Substituting @), = 9, € ST in (5.3.39) gives
8:E®)5 + (€, 8:8) = (Bup, 0:E)g — (81,06 — (Unllp = 7 = £), 8y
— (Vi(n — 71— ©),0) + (env; 812€)y + (fuUn: )y

_<atfh76t€—>0_1/< Eé’mé)o (u (5+8), 8ta:€_>0
+/\<p'+5—,6@0.

Integrating from 0 to ¢, noting

d _ _
o (0, 8,8) = % NE)2 — = (6, BuE)y + (€0, 8aE),

2 dt ||8$£ HO
+ <’u'8t57 3&75)0 >

Zdt

and rearranging the terms give

2 audo)l + 2 &+ /||atg G ds= Fit+ Tt -+ T (5341
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where
%= (OED.0E0), = [ ({1009, 0.8},
7= - [ 0,06y s, 7= [ (apts) At 4

—— [ (05688, 5, T [ (Uhts)ote) ~ ) ~ 6D, 8uESNy 4
=~ [ A1) ~ 79 T, D))y ds, = /0t<eh<s>v<s>,amé<s>>od
7= | nTM), Bu()), ds, Tio = [ @), 886, ¢

t

Fia = - [ v(0(5), 0ud(s))y s, Fia == [ (uls)(als) + E(6)),0uE(9), 4

0

and

Tia = [ (7(5) + &9, 0iE(5), s

It suffices to estimate those terms on the right hand side containing 0;,¢. These terms

can be estimated by

Fo = (Un(t) (p(t) — p(t) — £(£)), 02€(t))g — /O ((B:Un(5)) (p = B =€) (), 02€(5)),, ds

t
- /0 (U()0% (p — 5~ €) (5),8:E(5))g ds,

Ty = (Va(t) (n(t) = 7i(t) = C(1), 8a€(t) ) — / ((BVa(s)) (1 — 171 =€) (5),8:€(s)), ds

J0

ot _
~ [ A0 (=7 0) (), 8y s
¢ _ t
Ty = (en(t)o(t), 0:E(t)), — /0 (Bren(s)u(s), 0:E(5)), ds—/0 {en(s)0(s), 0:&(s)),, ds,

— (D), 2500, ~ [ (U 218060
- / (n(5)OU(s), 8:E() ds,
T =v (@ Vv / (Ot (5)
Fiz = (u(t) (8) + £1)), 2:E(0)), - /0 (Bru(s)) (4 8) (), 8:E(5)), ds

_ /t (u(s)0; (5 +€) (), 82€(5) ), ds.
0
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By using Holder’s inequality on these terms, we have
| Tel + -+ + | Fo| + | Fi1| + | F12] < CR*Y (HUHiw(sz) + ||3t“||iw(Hp+2) + [[0l| 7o rra+2)
1050l e arar2y ) + Ce [0 5

The remaining terms are estimated in a simpler. Thus, (5.3.41) yields

(5 = CONE ey + 5 N iy + 1 — O [0 2 10

< Ch™ (““”iw(HPH) + ||at“||%m(HP+2) + “U“%w(HqH) + HatU”%m(Hq“))

+C (||6tp||%2(H°) + 18281132 170y + 10eSul 7270y + 10172200y + H5—||2L2(H0)> :
Letting ¢ > 0 sufficiently small such that
g—Ce>0 and 1—Ce>0,

noting Lemma 5.2.2, Lemma 5.3.4, Theorem 5.2.4, and Lemma 5.3.5 thus the proof is
completed. O

Proof of Theorem 5.3.1

We are now ready to prove the main result stated in the Theorem 5.3.1.

Proof. By referring to (5.3.20) and using the triangle inequality, we deduce

Bl 1I 0B+ 1P@h) - Cleatl + TRGIN]

o0 -11= T 0l
B, ~ len®ll | + | IFO = 1)
. 20|
_ Il + SOl + 1@ + 160l + 1], + @,

&(t)]
By using (5.3.21), Lemma 5.3.4, Lemma 5.3.6, Lemma 5.3.5, and Lemma 5.2.3 we

infer

|e(t) - 1| < Ch,

thus proving the theorem.
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5.4 Implementation issues

In this section, we show the computation of (Up, Vi) by using (5.1.12)-(5.1.14) and
(E, F') by using the linear parabolic (Method (iii)) and linear elliptic (Method (iv)) error
estimates introduced in Section 5.3. The results in this section have been reported in [52].

With ¢y, =1,...,Nand k= 1,2,..., defined by (2.4.2)- (2.4.4), the approximate

solutions (Up, V},) can be represented as

N N p

z,t) = Z Um(t)(ﬁl,l(l‘) + Z Z Ul,k(t)¢l,k($)’
=2
N+1

N g
ZVh )b (z +Zzw,k(t)¢z,k(l‘)'

Recalling the L?- inner products aic’l;c/, ak  and ,Bk . Which are defined by (4.4.1)-

(4.4.3), matrices M!, 8!, B. ,, and vectors U’ and V' introduced in Section 4.4, then

’
7T7

the matrix representation of (5.1.12)—(5.1.13) is of the form
SU(t) = By V (1), (5.4.1)
MOV (t)+vSV(t)=GU({1),V(t)). (5.4.2)
Here, the vector G(U, V) is an (Ng+ 1) x 1 vector defined by

GU,v)=1G9,GW,. .. ,ag™MT,
where

GO = [(UV,¢11)y, UV, d21):---, UV, dn+11)0) "

and
GO = ([UV, du2)5s UV, d13)g - UV dughe]”

for [ =1,...,N. We use the Matlab ODE solver to solve (5.4.1)—(5.4.2). Therefore the
right hand side of (5.4.2) is computed by first solving (5.4.1) for a given V'(t).

In this section, we discuss the computation of (E, F ) which have the forms

¢l,q+1

an

¢l,p+1 and F .'L'f =

an
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Equations (5.3.11) and (5.3.10) are rewritten as

th(t)’ ¢l74+1>0,(2; +v <81F(t)’ 81¢l,q+1>o;gl - <Uh(t)F(t)a az¢l,q+1>o7gl

~ (Va()E(2), 0cbra+1)g 5, = (Un(O)Va(t), Babrg1)g.0, — (BiVA(t), brgr1)gp, (5:4:3)
and
(OIE(t), az¢l,p+1>o,gl = <F(t)7 81¢l,p+1>0:_(21 + <Vh(t):a:1:¢l,p+1>0’_(2l : (5'4'4)

By using the notations (4.4.11)-(4.4.18) introduced in Section 4.4 and letting

q
+1,1
(B Va(®), $ugs1)g,n = OV 1 (Bt + Y BiViw (D)o o4y = T,

K'=1

equation (5.4.3) is rewritten as
M amw+ (o) R0 -TE®) =T~ T
TER R AL sE(t) =Ts — T7.

Moreover, (5.4.4) can be rewritten as

2
h—lEl(t) =Bt B + Ts.

Then, by using the Backward Euler Formulation, we compute Fj(t;) recursively by

2u h
(m + o Ty — Elﬂ;l)’il,q+1T5> Fi(t;) = Ts — Tr + mFy(tj-1)

where

hy
(29 +3)(2g — 1)(t; — tj-1)
and t; = jAt for j =1,2,3,.... The time step At is chosen to be not less than A.

By using Method (iv), a similar way is used to computed the error estimator E.
However, error estimator F' is computed differently. By using (5.3.13) and the above
notations, we compute Fj(t;) of Method (iv) for Il =1,... , N as follows.

2v h
<E— Ty - ’éﬂzl;—lkl,qﬂ%) Fi(tj) =Te — Tr.
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5.5 Numerical experiment

In this section, we present numerical results obtained when solving (5.1.1) - (5.1.3) whose

exact solution (u,v) is
9 .
(o ) = vrasin(rz)
2 + acos(mz)
and
2unlacos(nz)  2v(ra)?sin(nz)?

v(@,t) = 2+acos(rz) (2 +acos(rz))?’

where a = exp(—n2vt) and initial value ug is given by

_ 2vumsin(mz)
24 cos(mz)’

uo(x)

In the following, we choose p = g + 1. We obtain satisfactory numerical results for
a range of v = [0.01,1]. We compute for large and small values of v, for example for
v =1.0,0.5,0.05 and v = 0.01.

In the numerical experiments, we compute the approximate solution (Ux, Vi) by
solving (5.1.12)~(5.1.14). After that, we compute the error e, and fj, to check on the
order of convergence given by Theorem 5.2.4. Finally, we compute the error estimation
E and F by using the linear parabolic (Method (iii)) and linear elliptic (Method (iv))
a posteriori error estimates introduced in Section 5.3.

In Table 5.1, Table 5.3, Table 5.5 and Table 5.7, we present the exact errors llen ()l
and || fo(t)||, at t = 0.8 for v = 1.0,0.5,0.05 and 0.01 respectively. As predicted by
Theorem 5.2.4, the convergence rates are |lex(t)||; = O(hP) and I fn (B, = O(RP™1).

In Table 5.2, Table 5.4, Table 5.6, and Table 5.8 we present the computed exact error
é and a posteriori error estimate E att=0.8 for v = 1.0,0.5,0.05 and 0.01 respectively.
We note that for Method (iii) we choose At = 0.4.

Figure 5.1, Figure 5.3, Figure 5.5 and Figure 5.7 represent the effectivity indices O at
t = 0.8 respectively for v = 1.0,0.5,0.05 and 0.01, where Method (iii) is implemented to
compute the error estimate (E,F). On the other hand, Figure 5.2, Figure 5.4, Figure 5.6

and Figure 5.8 represent the effectivity indices computed by using Method (iv).
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dofy, dofy p ¢ N Je®lly k.  I®I s
39 21 20 2.2651E-04 2.7298E-03
79 41 40  5.6836E-05 1.995 1.3407E-03 1.026
159 81 0 1 80 1.4221E-05 1.999 6.6726E-04 1.007
199 101 100 9.1023E-06 1.999 5.3351E-04 1.002
319 161 160  3.5554E-06 2.000 3.3324E-04 1.001
59 41 20 4.2389E-07 5.4027E-05
119 81 - 40  5.2246E-08 3.020 1.3510E-05 1.999
179 121 60 1.5442E-08 3.006 6.0046E-06 2.000
239 161 80 6.5658E-09 2.973 3.3777E-06 2.000
299 201 100 3.4812E-09 2.844 2.1617E-06 2.000
19 16 5  9.6823E-07 4.5721E-05
39 31 10  6.0520E-08 3.999 5.7343E-06 2.995
59 46 vl 15 1.2031E-08 3.984 1.7001E-06 2.998
79 61 20 3.9962E-09 3.831 7.1740E-07 2.999

Table 5.1: The orders of convergence &, and &, at v = 1.0 and ¢t = 0.8.

20 40 60 a0 100 120 140 160

Figure 5.1: Effectivity indices © by Method (iii) (refer to Page 78), at v =1 and t = 0.8

with different values of h.
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b g b &) Metliod (1it) Metliod (iv)
E(t) E(t)
1/20  2.9563E-03 | 2.6751E-03 | 2.6543E-03
5 1 1/40  1.3975E-03 | 1.3359E-03 | 1.3333E-03
1/80  6.8148E-04 | 6.6719E-04 | 6.6687E-04
1/100 5.4261E-04 | 5.3361E-04 | 5.3345E-04
1/160 3.3680E-04 | 3.3337E-04 | 3.3333E-04
1/20  5.4450E-05 | 5.4318E-05 5.4218E-05
5 9 1/40  1.3562E-05 | 1.3542E-05 1.3536E-05
1/60  6.0201E-06 | 6.0139E-06 | 6.0126E-06
1/80  3.3842E-06 | 3.3815E-06 | 3.3811E-06
1/160 2.1652E-06 | 2.1636E-06 | 2.1635E-06
1/5  4.6689E-05 | 4.6701E-05 | 4.6056E-05
1/10  5.7948E-06 | 5.7829E-06 | 5.7629E-06
13 1/15 1.7121E-06 | 1.7089E-06 | 1.7063E-06
1/20  7.2139E-07 | 7.2004E-07 | 7.1941E-07

Table 5.2: Values of £ by Method (iii) and Method (iv) at » = 1.0 and ¢ = 0.8.

1/h

100

120 140

160

Figure 5.2: Effectivity indices © by Method (iv) (refer to Page 78), at v =1 and t =0.8

with different values of h.
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dofy dofy p ¢ N lea®lly,  w  AOL A
39 21 20 1.0569E-03 2.5964E-02
79 41 40  2.6461E-04 1.998 1.2950E-02 1.004
159 81 50 1 80 6.6178E-05 1.999 6.4709E-03 1.001
319 161 160 1.6546E-05 2.000 3.2349E-03 1.000
639 321 320 4.1362E-06 2.000 1.6174E-03 1.000
1279 641 640 1.0337E-06 2.000 8.0869E-04 1.000
59 41 20 4.1212E-06 5.3291E-04
119 81 - 40 5.1435E-07 3.002 1.3327E-04 1.999
179 121 60 1.5235E-07 3.000 5.9232E-05 2.000
239 161 80 6.4264E-08 3.000 3.3319E-05 2.000
479 321 160 8.0457E-09 2.998 8.3298E-06 2.000
39 31 10 6.3273E-07 5.9950E-05
59 46 15 1.2501E-07 3.999 1.7779E-05 2.998
79 61 tl 20  3.9573E-08 3.998 7.5030E-06 2.999
99 76 25 1.6230E-08 3.994 3.8421E-06 2.999
119 91 30 7.8736E-09 3.967 2.2236E-06 3.000

Table 5.3: The orders of convergence k,, and k, at v = 0.5 and ¢ = 0.8.

lW

0.995 r

0.89r 4
0.985
B
L os8f
=
09758
097
e P2 =1
5 —pe p=3,0qe7 |
0.865 b
0(960 100 200 300 400 500 600 o0
1th

Figure 5.3: Effectivity indices © by Method (iii) (refer to Page 78), at v = 0.5 and

t = 0.8 with different values of h.
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» g . o) Met}iod (iti) Met}iod (iv)
E(1) B(t)

1/20  2.7021E-02 | 2.6042E-02 | 2.5928E-02

5 1 1/40  1.3214E-02 | 1.2980E-02 1.2966E-02
1/80  6.5371E-03 | 6.4799E-03 6.4782E-03

1/160 3.2515E-03 | 3.2374E-03 | 3.2372E-03

1/320 1.6215E-03 | 1.6180E-03 1.6180E-03
1/640 8.0973E-04 | 8.0886E-04 | 8.0885E-04

1/20 5.3704E-04 | 5.3538E-04 | 5.3478E-04

1/40 1.3378E-04 | 1.3356E-04 1.3352E-04

2 1/60 5.9384E-05 | 5.9318E-05 | 5.9311E-05
1/80  3.3383E-05 | 3.3355E-05 3.3352E-05

1/160 8.3378E-06 | 8.3342E-06 | 8.3341E-06

1/10  6.0582E-05 | 6.0393E-05 6.0233E-05

1/15 1.7904E-05 | 1.7862E-05 1.7841E-05

13 1/20  7.5425E-06 | 7.5286E-06 7.5237E-06
1/25 3.8583E-06 | 3.8524E-06 3.8508E-06

1/30  2.2315E-06 | 2.2285E-06 2.2279E-06

Table 5.4: Values of £ by Method (iii) and Method (iv) at ¥ = 0.5 and ¢ = 0.8.
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Theta
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Figure 5.4: Effectivity indices © by

t = 0.8 with different values of h.

Method (iv) (refer to Page 78), at » = 0.5 and

dof, dofy p ¢ N le®lly ra @I s

39 21 20 1.1338E-03 6.6472E-02

79 41 40 2.8487E-04 1.993 3.3245E-02 0.999
159 81 0 1 80 7.1305E-05 1.998 1.6624E-02 1.000
319 161 160 1.7831E-05 2.000 8.3120E-03 1.000
639 321 320 4.4577E-06 2.000 4.1560E-03 1.000
1279 641 640 1.1140E-06 2.000 2.0780E-03 1.000

59 41 20 2.2153E-05 2.8620E-03

119 81 40 2.7675E-06 3.001 7.1684E-04 1.997
179 121 52 60 8.1990E-07 3.000 3.1871E-04 1.999
239 161 80 3.4587E-07 3.000 1.7929E-04 2.000
479 321 160 4.3230E-08 3.000 4.4829E-05 2.000

79 61 20  5.4335E-07 1.0302E-04

159 121 40 3.4027E-08 3.997 1.2908E-05 2.997
239 181 43 60 6.7575E-09 3.988 3.8262E-06 2.999
319 241 80 2.2446E-09 3.831 1.6144E-06 3.000
399 301 100 1.0171E-09 3.547 8.2665E-07 3.000

Table 5.5: The orders of convergence Ky and K, at v = 0.05 and ¢t = 0.8.
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Method (iii)

Method (iv)

p g h é(t) - -
E(1) E(1)
1/20  6.7606E-02 | 6.6942E-02 6.6543E-02
) 1 1/40  3.3530E-02 | 3.3357E-02 3.3308E-02
1/80 1.6695E-02 | 1.6651E-02 1.6645E-02
1/160 8.3298E-03 | 8.3187E-03 8.3180E-03
1/320 4.1604E-03 | 4.1577E-03 4.1576E-03
1/640 2.0791E-03 | 2.0784E-03 2.0784E-03
1/20 2.8841E-03 | 2.8725E-03 2.8671E-03
1/40 7.1961E-04 | 7.1826E-04 7.1792E-04
32 1/60 3.1953E-04 | 3.1914E-04 3.1907E-04
1/80 1.7964E-04 | 1.7948E-04 1.7946E-04
1/160 4.4872E-05 | 4.4852E-05 4.4851E-05
1/20 1.0356E-04 | 1.0330E-04 1.0319E-04
1/40  1.2942E-05 1.2927E-05 1.2923E-05
48 1/60  3.8329E-06 3.8300E-06 3.8295E-06
1/80 1.6167E-06 1.6156E-06 1.6155E-06
1/100 8.2767E-07 8.2714E-07 8.2710E-07

Table 5.6: Values of E by Method (iii) and Method (iv) at » = 0.05 and ¢ = 0.8.
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Figure 5.5: Effectivity indices © by Method (iii) (refer to Page 78), at v = 0.05 and
t = 0.8 with different values of h.
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Figure 5.6: Effectivity indices © by Method (iv) (refer to Page 78), at v = 0.05 and

t = 0.8 with different values of h.



5.5 Numerical experiment 101

dof, dofy p ¢ N Jent)ll Ry Ifa (Bl Ky
39 21 20 2.7155E-04 3.0153E-02
79 41 40  6.7352E-05 2.011 1.5085E-02 0.999
159 81 0 1 80 1.6804E-05 2.003 7.5435E-03 1.000
199 101 100 1.0752E-05 2.001 6.0349E-03 1.000
319 161 160 4.1988E-06 2.000 3.7719E-03 1.000
59 41 20 1.2647E-05 1.6474E-03
119 81 - 40 1.5915E-06 2.990 4.1308E-04 1.996
179 121 60 4.7214E-07 2.997 1.8369E-04 1.999
239 161 80 1.9927E-07 2999 1.0335E-04 1.999
299 201 100 1.0205E-07 3.000 6.6148E-05 2.000
39 31 10 6.2309E-06 5.8969E-04
59 46 15 1.2437E-06 3.974 1.7675E-04 2.972
79 61 vl 20 3.9485E-07 3.988 7.4857E-05 2.986
99 76 25 1.6198E-07 3.993 3.8396E-05 2.992
119 91 30 7.8178E-08 3.996 2.2242E-05 = 2.995

Table 5.7: The orders of convergence k, and x, at v = 0.01 and t = 0.8.
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1.004 = -
« 1.002F 4
2
F s -
0998 J
0396 - 4
0:994 - -
992 i 1 1 1 L 1 1
o 0 20 40 60 80 100 120 140 160
ih

Figure 5.7: Effectivity indices © by Method (iii) (refer to Page 78), at v = 0.01 and

t = 0.8 with different values of h.
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» g . a0 Met}iod (iii) Met}iod (iv)
E(t) E(t)
1/20  3.0424E-02 | 3.0648E-02 | 3.0455E-02
5 1 1/40  1.5152E-02 | 1.5175E-02 1.5148E-02
1/80  7.5603E-03 | 7.5610E-03 7.5575E-03
1/100 6.0457E-03 | 6.0454E-03 6.0436E-03
1/160 3.7761E-03 | 3.7756E-03 | 3.7752E-03
1/20  1.6600E-03 | 1.6524E-03 1.6487E-03
3 5 1/40  4.1467E-04 | 4.1382E-04 | 4.1359E-04
1/60 1.8416E-04 | 1.8393E-04 1.8388E-04
1/80  1.0355E-04 | 1.0345E-04 1.0343E-04
1/100 6.6250E-05 | 6.6200E-05 6.6194E-05
1/10  5.9592E-04 | 5.9118E-04 | 5.8819E-04
1/15 1.7800E-04 | 1.7720E-04 1.7680E-04
ts 1/20  7.5252E-05 | 7.5024E-05 7.4927E-05
1/25  3.8558E-05 | 3.8470E-05 3.8438E-05
1/30  2.2320E-05 | 2.2279E-05 2.2266E-05

Table 5.8: Values of E by Method (iii) and Method (iv) at v = 0.01 and ¢ = 0.8.

1.004 T T T T T T T
1.002 - -
1+ \
0.998 - -
E 0.99% - .
g -
= 0994}
0992 u
——p=2F |
099l o
096+ = =3 |
1 I 1 l 1 1 1
DBEBU 20 40 60 80 100 120 140 160
1h

Figure 5.8: Effectivity indices © by Method (iv) (refer to Page 78), at v = 0.01 and

t = 0.8 with different values of h.



Chapter 6

Adaptive schemes: numerical

studies

In this chapter, we focus on the numerical studies of adaptive schemes for the BBM and
Burgers equations. The chapter begins with an introduction on adaptive schemes for
finite element methods. Then, we explain the adaptive procedures implement in this
study in Section 6.2. The chapter ends with numerical experiments of adaptive schemes

for the BBM and Burgers equations.

6.1 Introduction

Adaptive schemes of finite element methods for numerical solutions of partial differential
equations are considered as a standard tool in science and engineering to achieve better
accuracy with minimum degrees of freedom. The adaptive scheme for one dimensional
boundary value problems is studied in 1984 by Babuska et. al [9]. Details on the theory
of adaptive finite element methods can be found in [42). Studies about adaptive scheines
with mixed finite element methods have been carried out in [15, 22, 24, 26, 51]; see also
the references therein.

When solving a BVP by any approximation technique, a scheme is required to guide
us on the accuracy of our approximate solutions. By using adaptive schemes of finite

element methods, we try to automatically refine a mesh to achieve approximate solutions
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having a specified accuracy in an optimal way. In general, the computation typically
begins with a trial set of approximate solutions generated on a coarse initial mesh. The
error estimate of these solutions is appraised. If the error estimate fails to satisfy the
prescribed accuracy, refinements are made with a goal to obtain the desired approximate
solutions with minimal effort.

In this study, we use (h-type) adaptive mesh refinement schemes for the BBM and
Burgers equations. We refer to Chapter 4 and Chapter 5 for a posteriori error estimations
of HIMFEM for the BBM and Burgers equations, respectively.

The aim of the adaptive scheme is to generate better approximations of the exact
solutions. The basic idea of the adaptive schemes is, given the approximate solution,
to create a refined partition (mesh) by subdividing elements where the error estimators
indicate that the errors are large. Then, on this refined partition, the next approximate
solution is computed. The process is repeated until the desired accuracy of approxi-
mate solution is obtained. The final outcomes of the adaptive scheme are the refined
mesh and accurate approximate solutions. A principal tool for this adaptive scheme is
the availability of local (elementwise) error estimates, namely local a posteriori error
estimators.

An adaptive scheme of a finite element method consists of successive loops of the

following form:

Estimate—— Mark |— Refine

Figure 6.1: Four steps of an adaptive scheme.

The step Solve involves the computation of the approximate solution. Given the
number of elements, the HIMFEM is applied to compute the approximate solution.

The a posteriori error estimation is an essential part of the second step, namely
Estimate. By using the approximate solution generated in step Solve, we compute
a posteriori error estimators locally on each element. These a posteriori error estimators
will be used in the Mark step. The a posteriori error estimates are then used to appraise

the accuracy of the approximate solution and to control the adaptive enrichment through
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the refinement process.

In the third step, Mark, we perform an evaluation process on a posteriori error
estimators of step Solve. Given a tolerance &, we check the global a posteriori error
estimator. If the global a posteriori error estimator is larger than the tolerance &, then
we appraise ® largest local a posteriori error estimators, ® = 1,2.3,..., where ® is
decided by the user. The elements of these respective local a posteriori error estimators
are identified for a mesh refinement process in step Refine.

The adaptive strategy in Refine is basea on halving the ® intervals where the local
a posteriori error estimators are the largest. After the refinement process, a new mesh
is generated. By using this finer mesh, the process is repeated and is terminated when

the global error estimator is smaller than the assigned tolerance 4.

6.2 Adaptive procedure

In this section, we are now more specific on the adaptive procedure used in this study.
We consider examples for the BBM and Burgers equations. For the BBM equation, we
refer to the numerical example in Section 4.5. For the Burgers equation, the numerical
example in Section 5.5 with v = 0.5 is considered.

Figure 6.2 shows the general adaptive process applied to the following numerical
results. The inputs are the number of elements N for initial mesh 7o, the polynomial
degrees p and g respectively for Uy and V}, and the number of elements ® of the refinement
process. The polynomial degrees are fixed throughout this adaptive scheme.

For the readers convenience, we recall the equations which are used in both numerical
examples. Firstly, under the step Solve, we compute the values of (U, V) by using the
Galerkin equations of the problem. Recalling the notations defined in Section 4.4, the

approximate solution (Up, Vi) of the BBM equation is computed by solving
SPU(t) = prqV(t),

and
(Mq + (_;;.sq) 8V (t) = H(U®), V().
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Start

|

Inputs: N, p, g and &

Solie: Cory

,'Pi:lte Uh aﬂd Vi

- Estzmate s Compute E " Refine the marked

and Fas;siums/bfflocal : . elements and pro-

:er’rbr estimators By and Fj ~duce a refined mesh

Mark the ® elements

- where local error es-

't'liiatbrs are largest

YES

Outputs: Uy and V;

Stop

Figure 6.2: Adaptive process applied for the BBM and Burgers equations.
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Here, the vector H(U, V) is an (Ng + 1) x 1 vector defined by
HWU,V)=[HO HY, HM]T
where

X

1 1
HO [<EUV+Q,¢1,1> ,<EUV+9’¢271>
0

and

1
7"'7<EUV+Q)¢N+1,1>

0 0

I = . !
H = |:<EUV+97¢I,2>07<EUV+gv¢l,3>07"'a<EUV+Q’¢I;Q> :I

for I =1,...,N. Similarly, for the Burgers equation, (U, V},) is computed by solving

0

SPU(t) = Bp,qv(t)

and

1
M8,V (t) + §SqV(t) =G(U({), V().
Here, the vector G(U,V) is an (Ng+ 1) x 1 vector defined by
GU.v)=169,¢V,...,c"MT,

where

G(O) = [<lj‘/'7 ('25171)0 , <UV, (,25211)0 sy <UV> ¢N+1,1>0]T

and

GO = UV, d12)g, UV, 1), UV, d1,0)] -

Secondly, under the step Estimate, we compute the local a posteriori error estima-

tors (B, F}) for I =1,..., N. Noting the notations (4.4.11)—(4.4.18), letting

q
141, T
(81 Va(t), Oxdbrg+1)y o, = 8tVl+1,1(t)a1—,:+1 + E O Vi ()@ g1 = To
K=1

and .
I4+1,0 L
(9(t), Oxrgs1)g 0 = G411 (D)1 g1 + > gk (0B g1 = Thos
k=1
the a posteriori error estimators of the BBM equation are computed by using

2
B = B e Fi() + T (6.2.1)
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and

hy 21 1 )
((2q 32— 1) + d2h1> OuFy(t) — ET4Fl(t) —T5E(t) = Two+Ts —Tr — %Tg. (6.2.2)

Similarly, for the Burgers equation, (Ej, F}) is computed by using
ZEw =g,  RM)+T
Ry N T Petlenl (1) + T3

and
hl
(29 +3)(2¢ - 1)

After that, the global a posteriori error estimator (E, F') which is the summation of

. 2
OiFi(t) + <—V
hy

— T4) Rt - T:E () =T — Tr. (6.2.3)
the local a posteriori error estimators (Ey, Fy), for | = 1,..., N is appraised with the

assigned tolerances é, and §, by checking
IE@®); < 6w (6.2.4)

and

IF@®; < 6. (6.2.5)

The process is terminated if (6.2.4) and (6.2.5) are satisfied. Otherwise, the process is
continue with Mark and Refine.

In step Mark, ® largest local a posteriori error estimators, ® = 1,2,3,..., are
identified and appraised for marking process. In the following numerical experiments,
we perform the marking process only on the local a posteriori error estimators E;. For
example, if (6.2.4) and (6.2.5) are not satisfied, we appraise ® largest F; in the marking
process.

For the refinement process in the step Refine, we introduce the Adaptive Method
(AM(®)). We test the problems in two different ways, namely AM(1) and AM(3). The
first method is where we have ® = 1, that is we refine only the largest local a posteriori
error estimator E; of the marked element. On the other hand, by using AM(3), we have
® = 3, i.e., three largest local a posteriori error estimators E; of the marked elements
are refined. Figure 6.3 and Figure 6.4 illustrate examples of three refinement processes

(R1-R3) of both methods, which are applied to an initial mesh 7g, at N = 10. The r;‘ ;
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Initial mesh 7

*
T11

Mesh 7 by refinement Ry

,*
L12

3

Mesh 73 by refinement R3

1t
*
)

3

Figure 6.3: Refinement processes by Adaptive Method AM(1).

Initial mesh 7y

Mesh 7, by refinement R;

{ } frenrpeeech } } forecpeermperecpeon| |
* * *
T11 To1 T31
Mesh 79 by refinement Ry
[ } } a4 } } R R & |
* * *
T1,2 T22  T32
Mesh 73 by refinemment R
T Ll 1 T Ty L 1 TETTT T L) 1
* * *
Z2.3 T137%33

Figure 6.4: Refinement processes by Adaptive Method AM(3).

values, for ¢ = 1,2, ... represent the new points introduced during the refinement process
R;,j=12.3,...

Then, the new mesh generated from these two steps { Mark and Refine) is used to
generate the new approximate solution in the step Solve. The process is repeated and

terminated when the desired accuracy of the approximate solution is obtained.
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6.3 Numerical experiments

The numerical results are computed by using three methods, namely AM(1), AM(3) and
Non-adaptive Method (NAM). Methods AM(1) and AM(3) are respectively the adaptive
schemes introduced in Section 6.2 (see Figure 6.3 and Figure 6.4). By using AM(1), we
consider an element (® = 1) for the refinement process, while using AM(3), we consider
three elements, (& = 3).

On the other hand, NAM represents cases with uniform meshes. In the Step Mark
and Step Refine of NAM, all clements are refined during cach of the refinement pro-
cesses. For example, by using NAM with an initial mesh 7, at N = 10, we will have 10
new points {:c’{vl, 31, L3950y IIO’I} during the first refinement process, R;. Similarly
with AM(1) and AM(3), the process is terminated if (6.2.4) and (6.2.5) are satisfied.

We compare the numerical results by AM(1) and AM(3) with the numerical results
by NAM. In the following numerical experiments, the coarse mesh 7y of these methods

is started at N = 10.

6.3.1 Adaptive scheme for the Benjamin-Bona-Mahony equation

We perform the numerical experiments with different values of tolerances 0, and &.
Figure 6.5 and Figure 6.6 show the graphs of the exact solution (u,v) considered in
these numerical experiments.

Example 1 is computed with tolerances 6, = 5 x 1027 and 6, = 5 x 10179, Table 6.1
shows the numerical results for p = 2 and g = 1. The number of elements, N represents
the total elements generated by each method after the number of refinements. The
number of refinements also represents the total number of problems required to solve, in
order to get the approximate solution at the assigned tolerances.

Based on the numerical results in Table 6.1, AM(1) and AM(3) produce compara-
ble error values with NAM. Even though NAM provides a slightly better error values,
the CPU time required is 22841s and number of elements N is 640. Meanwhile, only
2089s of CPU time and N = 156 by AM(1), and 296s of CPU time and N = 157 by

AM(3) are required for the error values. Note that, if we use a uniform refinement when
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Figure 6.5: The BBM equation: exact solution u(z,t).

AM(1) AM(3) NAM
N 156 157 640
Degrees of freedom u 311 ‘ 313 1279
Degrees of freedom v 157 158 641
Number of refinements 146 49 6
CPU time (sec) 2089 296 22841

len (@I, /u(®)ll,  9.5091E-04 7.9001E-04 1.3747E-04
FROINVATIOIN 2.2375E-02  2.1463E-02  1.4930E-02

Table 6.1: Example 1 for the BBM equation at ¢ = 0.8.

N = 157, we have larger error values, which are [len(t); / [[u(t)ll; = 2.2866E-03 and
@ /lo@)]l; = 6.0852E-02. In this case, the CPU time is smaller (59s) but the
accuracy is lower. Figure 6.7 and Figure 6.8 respectively show the final refined meshes
at N = 156 by AM(1) and N = 157 by AM(3).

Example 2 is computed with tolerances 8, = 1037 and §, = 10%279. Table 6.2 shows
the numerical results of the three methods for p = 3 and g = 2. The error values by

NAM is slightly better than the error values by AM(1) and AM(3). However, 7566s of
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40 1 1 I i

Figure 6.6: The BBM equation: exact solution v(z,t).

CPU time and higher degrees of freedom for v and v are required to obtain the results.
Besides that, if a uniform refinement is used at N = 46, smaller CPU time (25s) is
required and the error values are larger, which are |len(t)||; / |u(t)||; = 1.8845E-03 and
fn @)y / lo@®)]]; = 2.4319E-02. The final refined meshes of Example 2 by AM(1) and

AM(3) are respectively presented in Figure 6.9 and Figure 6.10.

6.3.2 Adaptive scheme for the Burgers equation

Similarly, we perform numerical experiments for the Burgers equation. Figure 6.11 and
Figure 6.12 show the graphs of the exact solution (u,v) considered in these numerical
experiments.

We use tolerances 8, = 107! and 4§, = 107972, Table 6.3 shows the numerical
results by the three methods for p = 2 and ¢ = 1. Based on the numerical results,
the error values by NAM are obtained at N = 320 and are comparable with the error
values by AM(1) and AM(3), which are respectively obtained at N = 186 and NV = 187.
If a uniform refinement at N = 187 is computed, we have [lex(t)[l, = 1.2113E-05 and
I fa(2)]l, = 2.7678E-03. The CPU time for this result is 692s. Even though the CPU

time is shorter, the error values are at lower accuracy than the error values by AM(1)
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Figure 6.8: Example 1 for BBM by Adaptive Method AM(3).

AM(1) AM(3) NAM
N 44 46 160
Degrees of freedom u 131 137 479
Degrees of freedom v 89 93 321
Number of refinements 34 12 4
CPU time (sec) 229 114 7566

lea@®l, /lu(®)]l,  8.2403E-04 2.8256E-04 4.6186E-05
£l /Ilv@®)]l,  6.4244E-03 4.7040E-03 2.0321E-03

Table 6.2: Example 2 for the BBM equation at ¢ = 0.8.

and AM(3). Figure 6.13 and Figure 6.13 respectively represent the final refined meshes
by AM(1) and AM(3) for this exaniple.

In the following examples, we use d, = 10~2P=2 and 6, = 10729, Table 6.4 shows the
numerical results for Example 2, where p = 3 and ¢ = 2. Figure 6.15 and Figure 6.16
show the final refined meshes of AM(1) and AM(3) for this example. Note that, if a
uniform refinement at N = 97 is computed, the CPU time is 2093s and the error values
are |len(t)]|, = 3.6051E-08 and || fn(t)ll; = 2.2663E-05.

In conclusion, from the numerical results of the adaptive schemes for the BBM and

Burgers equations, we can see that desired accuracy of the approximate solution can
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Figure 6.10: Example 2 for BBM by Adaptive Method AM(3).
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Figure 6.11: The Burgers equation: exact solution u(x,t).

be obtained by using the adaptive schemes introduced in this study. Besides that, a
comparable accuracy of approximate solution with lower degrees of freedom is obtained
by using these adaptive schemes.

There are several issues that can be considered for the improvement of the adaptive
schemes. In the step Mark, we performed the marking process on the local a posteriori
error estimators E; only. This is due to the equation we used to compute the local a pos-

teriori error estimators E; (see (6.2.1)), which involves information about Fj. Different
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Figure 6.12: The Burgers equation: exact solution v(z,t).

marking processes can also be considered. For example, we can perform the marking
process on the local a posteriori error estimators F (see (6.2.2) and (6.2.3)) or on both
local a posteriori error estimators E; and Fj.

Lastly, in step Refine of these adaptive schemes, we refine a marked element by
halving it into two new clements. We consider two methods for the refinement process,
namely AM(1) and AM(3). Different values of & may give better results. Optimal choice

of & may be a subject of further study.
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AM(1) AM(3) NAM
N 186 187 320
Degrees of freedom u 371 373 639
Degrees of freedom v 187 188 321
Number of refinements 176 59 5
CPU time (sec) 12780 5575 22592
llen (D)]}4 8.1367E-06 8.0651E-06 4.1362E-06
FXOIN 2.6714E-03 2.6573E-03 1.6174E-03

Table 6.3: Example 1 for the Burgers equation at ¢t = 0.8.

Figure 6.13: Example 1 for Burgers by Adaptive Method AM(1).

Figure 6.14: Example 1 for Burgers by Adaptive Method AM(3).

AM(1) AM(3) NAM
N 95 97 160
Degrees of freedom u 284 290 479
Degrees of freedom v 191 195 321
Number of refinements 85 29 4
CPU time (sec) 31284 10847 55027
len(®)]l; 1.8250E-08 1.7577E-08 8.0457E-09
IFXQIR 0.5534E-06 9.2243E-06  8.3298E-06

Table 6.4: Example 2 for the Burgers equation at ¢ = 0.8.
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Figure 6.15: Example 2 for Burgers by Adaptive Method AM(1).

0 0.2 0.4 0.6 0.8 1

Figure 6.16: Example 2 for Burgers by Adaptive Method AM(3).



Chapter 7

Conclusion

In this thesis, we carried out the study of a priori and a posteriori error estimations
of mixed finite element methods for nonlinear equations. We focused on a priori and
a posteriori error estimations of HIMFEM for two one-spatial dimensional nonlinear
partial differential equations, namely the Benjamin-Bona-Mahony (BBM) and Burgers
equations (Chapter 4 and Chapter 5). We proved that the proposed a posteriori er-
ror estimates are efficient and the numerical results are consistent with our theoretical
results.

In Chapter 6, we conducted numerical studies of adaptive schemes for the BBM and
Burgers equations. We presented the procedure and nwmerical results of the adaptive
schemes for both equations, where the approximate solutions are computed by HIMFEM
and the a posteriori error estimations are proposed in Chapter 4 and Chapter 5 of this
thesis.

It is noted that the one dimensional time dependent incompressible Navier Stokes
equations which are studied using a sequential regularization method in [34] are almost
similar to the BBM equation considered in this study. Therefore, a posteriori error esti-
mation of HIMFEM for higher-spatial dimension of nonlincar partial differential equa-
tions such as the Navier Stokes equations or other nonlinear partial differential equations

may be a subject of further study.
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