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ABSTRACT

A priori error estimation provides information about the asymptotic behavior of the

approximate solution and information on convergence rates of the problem. Contrarily,

a posteriori error estimation derives the estimation of the exact error by employing the

approximate solution and provides a practical accurate error estimation. Additionally,

a posteriori error estimates can be used to steer adaptive schemes, that is to decide the

refinement processes, namely local mesh refinement or local order refinement schemes.

Adaptive schemes of finite element methods for numerical solutions of partial differential

equations are considered standard tools in science and engineering to achieve better

accuracy with minimum degrees of freedom.

In this thesis, we focus on a posteriori error estimations of mixed finite element

methods for nonlinear time dependent partial differential equations. Mixed finite ele­

ment methods are methods which are based on mixed formulations of the problem. In a

mixed formulation, the derivative of the solution is introduced as a separate dependent

variable in a different finite element space than the solution itself. We implement the

HI-Galerkin mixed finite element method (HIMFEM) to approximate the solution and

its derivative. Two nonlinear time dependent partial differential equations are consid­

ered in this thesis, namely the Benjamin-Bona-Mahony (BBM) equation and Burgers

equation. Our a posteriori error estimations are based on implicit schemes of a posteri­

ori error estimations, where the error estimators are locally computed on each element.

We propose a posteriori error estimates by using the approximate solution produced by

HIMFEM and use the a posteriori error estimates to compute the local error estimators,

respectively for the BBM and Burgers equations. Then, we prove that the introduced a

posteriori error estimates are accurate and efficient estimations of the exact errors.

The last part of this study is on numerical studies of adaptive mesh refinement

schemes for the two equations mentioned above. By implementing the introduced a pos­

teriori error estimates, we propose adaptive mesh refinement schemes of HIMFEM for

both equations.
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Chapter 1

Introduction

1.1 Subject of study

Disciplines such as engineering, physics, economics and biology involve many real models

which are translated into solving mathematical models, e.g. partial differential equations

in space and time. One of the well-known mathematical models is the boundary value

problem (BVP). For example, a description of waves in electromagnetic and fluid dy­

namics is represented by a wave equation with specified boundary conditions, which is

often stated as a boundary value problem.

Consistent with the application of the BVP in real problems, the number of numerical

methods and analysis for solving the BVP is rapidly growing. In general, there is no

closed form for the exact solution u of the BVP. Numerical methods as the finite difference

method, the finite clement method, the finite volume method, and spline interpolation

are used as a tool to compute the approximate solution Ui; of the exact solution u.

Motivated by this situation, our study is considering the finite element method (FEM)

for the boundary value problems.

During the approximation of the BVP, it is normal to question "How good are the

approximate solutions produced by the numerical methods? When should we stop the

computation process and which of the approximate solutions should be taken as the best

approximation to the real problem?" In order to answer these questions, one way is to



1.2 Scope of study 2

perform another approximation in a specified norm of the exact error e,

i.e. by letting the exact error be approximated such as

Extra concern should be put on deciding the methods to compute values of E, the error

estimator. The computability and cost of computation are factors that are considered

in deciding the efficiency of the error estimation.

In this study, we focus on a posteriori error estimation which is a method to compute

the error estimator. Details about the a posteriori error estimation of finite element

methods can be found in [6, 8J and the references therein. The a posteriori error esti­

mation is based on a situation where we have the approximate solutions Ui, which are

generated by a FEM, then our aim is to obtain a quantitative estimate for the exact

error e measured in a specified norm.

A posteriori error estimates provide useful indications of the accuracy of a calculation

and provide a basis for adaptive mesh refinement schemes. We will give the details of

a posteriori error estimation in Chapter 3.

1.2 Scope of study

This study focuses on a posteriori error estimation of a mixed finite element method

(mixed FEM) for the Benjamin-Bona-Mahony equation and Burgers equation. The

mixed FEM is a FEM which is based on a mixed formulation of the problem. In a

mixed formulation, the derivative of the solution u is introduced as a separate dependent

variable in a different finite element space than the solution itself. In this study, we

implement the HI-Galerkin mixed finite element method which is based on the procedure

introduced by Pani [45J. Our scope of study can be categorized into three main parts.

The first part is devoted to a posteriori error estimation of the HI-Galerkin mixed

finite element method for the Benjamin-Bona-Mahony equation. The Benjamin-Bona­

Mahony equation is a nonlinear equation which is widely used in modelling physical
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problems involving long waves. The Benjamin-Bona-Mahony equation is studied by

Benjamin et al. as an alternative to the Korteweg-de Vries equation for describing

unidirectional long dispersive waves [12].

Secondly, we study a posteriori error estimation of the HI-Galerkin mixed finite

element method for the Burgers equation. The Burgers equation is a well-known equation

and named after Johannes Martinus Burgers [18, 19]. The Burgers equation is also known

as a nonlinear diffusion equation, and a simplified version of Navier-Stokes equation. We

will give details about the HI-Galerkin mixed finite element method, the Benjamin­

Bona-Mahony equation and the Burgers equation in the following chapter (Chapter 2).
The last part of this study is on adaptive schemes for two equations mentioned

above. The a posteriori error estimates are known as a fundamental component in the

designation of efficient adaptive algorithms for solving partial differential equations. By

implementing the a posteriori error estimates introduced in the first two objectives,

our third objective is on numerical studies of adaptive schemes for the Benjamin-Bona­

Mahony equation and the Burgers equation.

1.3 Structure of thesis

This thesis consists of six chapters. Chapter 1 is the introduction. In Chapter 2, some

important function spaces, theorems and results are reviewed. We complete Chapter 2

with an introduction for HI-Galerkin mixed finite element method, the Benjamin-Bona­

Mahony equation and the Burgers equation.

Chapter 3 is devoted to a general framework of a posteriori error estimation. In

this chapter, we present some known a posteriori error estimation techniques and the

procedure of a posteriori error estimation considered in this study.

In Chapter 4, we present the first contribution of the thesis which is a posteriori

error estimation of HI-Galerkin mixed finite element method for the Benjamin-Bona­

Mahony equation. In this chapter, we propose some error estimators to compute the

error estimation of the Benjamin-Bona-Mahony equation. We prove that the introduced

a posteriori error estimates are accurate and efficient approximations of the exact errors.
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We finish this chapter with some numerical experiments.

Our second contribution (Chapter 5) is a posteriori error estimation of H1-Galerkin

mixed finite element method for the Burgers equation. This chapter consists of analysis

and numerical studies of a posteriori error estimation of H1-Galerkin mixed finite element

method for the Burgers equation.

Our third contribution (Chapter 6) is numerical studies of adaptive schemes for

the Benjamin-Bona-Mahony and Burgers equations. We present the procedure of the

adaptive schemes for both equations where the approximate solutions are computed

by H1-Galerkin mixed finite element method and the a posteriori error estimations are

proposed in Chapter 4 and Chapter 5. We finish the chapter with numerical experiments.



Chapter 2

Preliminaries

This chapter provides a range of fundamental results which will be used in the remain­

der of the thesis. We begin by introducing some important function spaces. We then

introduce the fundamental results for variational formulation of differential equations.

Important theorems and results that will be used in the analysis of finite element methods

are introduced in the next section. We finish this chapter with an introduction on finite

element discretization, the Hl-Galerkin mixed finite clement method, the Benjamin­

Bona-Mahony equation and the Burgers equation, respectively in Section 2.5, Section 2.6

and Section 2.7.

2.1 Function spaces

All of the results stated in this section arc well-known and can be found in different

literatures; see e.g. [16, 53]. Since the equations we study in this thesis are posed in one

spatial dimension, we mention only results for this case.

We let D = (a, b) be an open subset in rn; and u be a scalar function defined on D.

For p E [1,00], the Lebesgue space lY(D) is defined as

U(D) = {u : D ---+ rn;lllulb(st) < oo}.

The lY(D)-norm is defined by

lIuIILP(st) := (12Iu(x)IP dX) lip,
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for 0 < p < 00, and

IluIIL=(D) := inf{C::::: 0: lu(x)1 � C for almost all x En}

for p = 00. A special role is taken when p = 2. The L2(n) is a Hilbert space with the

inner product

(u, v) £2(D) = in u(x)v(x) dx u, v E L2(n)

and the norm IluIIL2(D).
Let <cm(n) be the space of all functions ¢ : n --t IR such that ¢, ¢', ... ,¢(m) are

continuous on n. The space <cO'(n) denoted the space of all functions ¢ E <cm such that

¢(x) = 0 for all x E no for some bounded subset no of n.

We recall the definition of derivative in a weak sense. A function u E V (n) is called

the weak derivative of order m = 1,2,3, ... of a function v E V(n) if

in u(x)¢(x)dx = (_l)m in v(.r,)¢(m)(x)dx V¢ E <cO'(n).

In the following part, we recall the Sobolev spaces and norms to be used in this thesis.

The Sobolev space W;(n), 1 � p < 00 and k = 1,2, ... is defined as

W;(n) := {u E V(n) : u', u",· .. ,u(k)exist in the weak sense}

and W;(n) norm is defined by

(
k

)
lip

'U k:= 'uti)
P

II Ilwp (D) � II tp(D)
When p = 2, we have w:f(n) = Hk(n), which is a Hilbert space equipped with the

inner product

and norm

The space Hg(n) contains all functions in Hk(n) whose traces are zero at a and b.

In the case p = 00, W�(n) norm is defined by

Ilull k := max Ilu(i) II .

Woo (D) o�i9 Loo(D)
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2.2 Notations

In the remaining part of the thesis, we use the following notations for the norm spaces

and inner products. For any p E [1,00) and any normed vector space D, by LP(D) we

denote the space LP(O, T; D) of all functions defined in [0, T), with values in D. We will

write II·IILP(L=) and 11·IILP(Hl) instead of II·IILP(LOO(D)) and 11·IILP(Hl(D)). We will also write

HO(D) = L2(D). The Hn(D) norm, for n = 0,1, ... is represented by Ilu(t)lln instead of

Ilu(t)IIHn(D)· Similarly, we will write IluIIW&,(Hn) instead of Ilullw&,(o,T;Hn(D)).
In general, the inner product in HS(X) is aenoted by (0, ·)HS(X)' where s = 0,1, ...

and X is a subset of lEt In particular, when s = ° and X = [2 we write (., -)0 instead of

(-, ·)HO(D)· When s = 1 and X = [2, we write (., ·)1 instead of (0, ·)Hl(D).
Besides that, when there is no confusions we omit the dependence of the function on

t to avoid crowded notations. For example, we write (u,v)s instead of (u(t),v(t))HS(D).
Finally, for l > 0, we define the local inner product in HS([2l) by

(11,,1I)sD = r u(x)v(x)dx \111,,11 E HS([2l).,l JDl (2.2.1 )

2.3 Important theorems and results

The following well-known results will be frequently used. They are recalled here for the

reader's convenience.

Theorem 2.3.1 (Imbedding Theorem [16, Theorem 1.4.6]). Let k be a positive integer­

and p be a r-eal number- in the range 1 ::; p < 00 such that

k 2: 1 when p = 1

k > 1/P when p > 1.

Then ther-e is a constant C such that for all u E W; ([2)

Lemma 2.3.2 (Gronwall's Lemma [11, Theorem 4.2) or [28]). Let ip, 'ljJ and 8 be locally

integrable functions defined on [0, T) which satisfy

8(t) 2: ° and :p(t)::; 'ljJ(t) + lot 8(s)rp(s) ds \It E [0, T].
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Then

r.p(t) < 1jJ(t) + lot 8(s)1jJ(s) exp [it 8(r)dr] ds "It E [0, T].

If 1/) is a constant, then

r.p(t) < 1jJexp [lot 8(s) dS] .

Lemma 2.3.3 (General Gronwall's Lemma [11, Theorem 4.3] or [13, Section 3]). If f3

is a positive constant and 8 is a non-decreasing function satisfying 8(s) > 0 for 8 > 0,

then the inequality

implies

r.p(t) :::; 8-1(t) "It E [0, T*]

where 8-1 is the inverse of

r ds
8(0") = 1(3 8(s)'

0";:::: 0,

and T* = min(T, T1) with [0, T1] being the range of 8.

Proof. Let

1jJ(t) = f3 + lot 8[r.p(T)] dr,
Then from r.p(t) :::; 1jJ(t) and the monotonicity of 8 we deduce

1jJ'(t) 8[r.p(t)]
8[1jJ(t)]

=

8[1jJ(t)]
:::; 1.

This implies

By integrating from 0 to t and noting that 8[1jJ(0)] = 0, we obtain

8[1jJ(t)] < t.

Now if t E [0, T*] then by applying the inverse function 8-1, we obtain 1jJ(t) :::; E-)-I(t),
and thus the required inequality follows from r.p(t) :::; 1jJ(t). o
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2.4 Finite element discretization

In this section, we introduce the hierarchical basis functions of finite element spaces used

in the thesis. We partition the interval f? = (a, b) into

a = .'1:1 < .'1:2 < ... < .'1:N+l = b, (2.4.1)

and let hi := Xl+l - Xl, l = 1, ... , N, and h := max, hi. We define the linear basis

functions by using the hat functions cPll on (Xl-I, XIH) for l = 2, ... ,N, i.e.,

cPll(X) = Xl+l-X
=i;':

0, otherwise.

At the endpoints of n we define

{ x��x , Xl::; X < X2,
cPll(X) =

0, otherwise,
(2.4.2)

and

{ Xh�N, XN::; X < XN+l,
cPN+l,l(X) =

0, otherwise.
(2.4.3)

For l = 1, ... ,N and k = 2,3,4, ... , functions cPlk are defined as antiderivatives of the

Legendre polynomials Pk-l of degree k - 1 scaled to the subinterval [Xl, Xl+l], i.e.,

{� J� Pk-l(Y) dy, ·'1:1::; X < xl+l,
cPlk(X) =

0, otherwise.
(2.4.4)

Figure 2.4 shows functions cPl,k of degree k = 2, ... ,5 on the reference element [-1,1].
Let Sh be the space of piecewise linear functions on f? i.e.,

Sh:= span {cPll,cP2l.·. ,cPN+l,l},

and s, its subspace consisting of functions vanishing at a and b, i.e.,
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0,4 .----�---�----�---�

°

-0.6 a3
4
5

1
-0,6�---�---�----�---_,

-1 -0.5 o 0.5

Figure 2.1: Hierarchical shape functions of degrees 2 (_.), 3 (solid), 4 (- -) and 5 (-.)
on reference element [-1, 1].

The spaces of bubble functions in fl are defined by

s� := span {<Plk>"" <PNk}, k � 2,

where, for l = 1, ... ,N and k = 2,3,4, ... , <Plk is defined by (2.4.4).
For pEN and p � 2, let V� and V� be finite dimensional subspaces of Hl(fl) and

HJ(fl), respectively, defined by

p

V� :=Sh+ 'L,st
k=2

(2.4.5)

With Xh E V� and Wh E V�, we have the following approximation properties

inf {Ilu - xhllo+h Ilox(u - xh)llo} ::::; ChP+lllullp+l 'Vu E HJ(n)nHP+l(fl) (2.4.6)
XhEV�

and

(2.4.7)
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2.5 H1-Galerkin mixed finite element method

The mathematical analysis and applications of mixed FEM have been widely developed

since decades ago. For example, a general analysis for this kind of methods is studied

by Brezzi [17]. A mixed FEM is a type of FEM which is based on a mixed formulation

of the problem. The mixed FEM is originally considered for problems where there are

possibilities of having numerical ill-posedness if discretized by using the normal FEM.

An example of such problems is computation of stress and strain fields in an almost in­

compressible elastic body. Besides that, the mixed FEM is also applied for cases where

we have to discretize the gradient of the solution. The need to approximate the gradient

of the solution is originated from solid mechanics problems which require more accu­

rate approximations of certain derivatives of the displacement [16]. The mathematical

elements of classical mixed FEM can be found in the books on mathematical theory of

FEM [16, 53].

By using mixed FEM, the original problem is reformulated into a problem of two

bilinear forms and two finite element spaces. As an example we consider the following

one dimensional parabolic partial differential equation:

OtU(x, t) - oxxu(x, t) = f(x, t), x E [2 = (0,1), t E (0, TJ, T < 00, (2.5.1)

with boundary conditions

U(O, t) = u(l, t) = 0, t E [0, TJ, (2.5.2)

and initial condition

U(x,O) = uo(x), x E n. (2.5.3)

By using a mixed formulation, the derivative of the solution u is introduced as a second

unknown. The second order problem is reformulated into a system of first order equations

having the form

v(x, t) = oxu(x, t),

Otu(x, t) - oxv(x, t) = f(x, t)

(2.5.4)

(2.5.5)



2.5 H1-Galerkin mixed finite element method 12

with boundary condition (2.5.2) and initial condition (2.5.3). We note that, with a E

Hl(f2) and (3 E HO(f2) are arbitrary test functions, the solution (u, v) E HO(f2) x Hl(f2)
also solves the weak formulation

(v(t), a)o = - (u(t), oxa)o 'Va E Hl(f2)

(Otu(t), (3)0 - (oxv(t), (3)0 = U(t), (3)0 'V(3 E HO(D).

(2.5.6)

(2.5.7)

It should be noted that the boundary condition u = 0 (see (2.5.2)) is implicitly contained

in the formulation (2.5.6)-(2.5.7). Using integration by parts in (2.5.6), we have

and hence, formally, v = oxu in f2 and u = 0 at the endpoints of f2. Since v = oxu from

(2.5.6), noting that oxv E HO(D) and taking (3 = OtU - oxv - f E HO(D) in (2.5.7), we

have (2.5.1).
This way of mixed formulation needs two finite dimensional spaces W c HO (f2)

and V c Hl(f2) which are required to satisfy inf-sup condition or Ladyzhenskaya­

Babuska-Brezzi (LBB) condition to have a stable numerical scheme. Details of the

mixed formulation by classical mixed FEM for a general parabolic partial differential

equation can be found in [30).
In this study, we implement a mixed FEM called H1-Galerkin mixed finite element

method (H1MFEM) which is based on an approach suggested by Pa.ni et. al for nonlinear

parabolic equations and second order hyperbolic equations [45, 46). The H1MFEM is

closely related to least square mixed methods in that the second order partial differential

equation is reformulated into a system of first order partial differential equations with a

new unknown defined as the flux. Studies on the least square mixed finite element method

can be found in [20, 21, 49, 48) and the references therein. By using the H1MFEM, a

problem is reformulated into a system of first order partial differential equations, which

allows the approximation for u and its gradient v.

As an example, we consider parabolic partial differential equation (2.5.1)-(2.5.3).

Using the H1MFEM, equation (2.5.1) is reduced to a system of first order equations
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by defining a new variable v = 8xu. As a consequence, we have (2.5.4)-(2.5.5). By

multiplying (2.5.4) by 8xa and (2.5.5) by -8xfJ where a E H6(D) and fJ E Hl (D) we

have

(2.5.8)

and

(2.5.9)

For the first term in (2.5.9), we have used integration by parts and the Dirichlet boundary

conditions 8tu(0, t) = 8tu(l, t) = O.

The weak formulation by HIMFEM is formulated as: Given Uo E H6(D) n H2(D),
find (u, v) : [0, T]-+ H6(D) x Hl(D), satisfying for t > 0

(v(t), 8xa)0 = (8xu(t), 8xa)0 Va E H6(D)

(8tv(t), fJ)o + (8xv(t), 8xfJ)0 = - (f(t), 8x(3)0 VfJ E Hl(D)

(2.5.10)

(2.5.11)

and for t = 0,

(2.5.12)

If u E W�(O, T; H6(D) n H2(D)), v E W�(O, T; Hl(D)) and (u, v) satisfies (2.5.10)­

(2.5.11) then (u, v) satisfies (2.5.4)-(2.5.5). Indeed, by using integration by parts we

deduce from (2.5.10) that 8x(v - 8xu) = 0 E W�(O, T; HO(D)), which implies

v(x, t) = 8xu(x, t) + g(t) a.e. in D x (0, T) (2.5.13)

for some function 9 depending on t. We note that we also have

v(x,O) = 8xu(x, 0) + g(O).

By integrating over D, noting (2.5.12), we infer g(O) = O. On the other hand, it follows

from (2.5.13) and (2.5.11) (with fJ = 1) that

In 8tx7L + g'(t) = 0, (2.5.14)

implying g'(t) = O. Hence 9 =: 0, i.e. (u, v) satisfies (2.5.4). This immediately gives

(2.5.5).



2.5 H1-Galerkin mixed finite element method 14

Some of the attractive features of the H1MFEM are firstly this method does not

require the LBB condition. Secondly, finite element spaces of u and v are allowed to be

of different polynomial degrees. For example, by using the H1MFEM, the approximate

solutions Ui, and Vh of the finite element spaces V� and V% (see (2.4.5)) are allowed to

be of different polynomial degrees, i.e. we can have different values of p and q where

p, q 2: 1. Thirdly, this procedure required extra regularity of the solution which gives a

better order of convergence for v, in HO(f)) norm [45J. For one dimensional cases, the

orders of convergence obtained by H1MFEM are

(2.5.15)

and

(2.5.16)

which are comparable with results generated by a classical mixed FEM. Details of the

mixed formulation by the H1MFEM for a general parabolic partial differential equation

can be found in [45J.
In 2007, the H1MFEM is adapted for a priori error estimation of the Burgers equa­

tion [47J. Besides that, Tripathy et. al studied on the superconvergence properties of

the H1MFEM for second order elliptic equations [56J. Recently, Zhang et. al studied the

H1MFEM with the linearised Crank-Nicolson for couple BBM equations [59J.
In this thesis, we are interested in a posteriori error estimations of the H1MFEM for

the BBM and Burgers equations. Mixed finite element methods allow approximation to

the solution of the BBM and Burgers equations and its derivative, by reformulating the

BBM and Burgers equations into a system of first order equations. Therefore, instead

of dealing with second order nonlinear partial differential equations, the problem is re­

formulated and the computation is less hard compared to the approximation by using

a normal finite element method. Mixed finite element methods give better orders of

convergence for the unknown derivative by requiring extra regularity of the unknown.

To the best of our knowledge, this is the first time the procedure of a posteriori error es­

timation in this study (to be explained in Chapter 3) is applied to the BBM and Burgers

equations, where the approximate solutions are computed by using the H1MFEM.
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2.6 The Benjamin-Bona-Mahony equation

The Benjamin-Bona-Mahony (BBM) equation

Otu(x, t) - Oxxt7J.(x, t) + u(x, t)ox7),(x, t) + oxu(x, t) = 0, (2.6.1)

where Ot = %t, Oxxt = o3/ox2ot and Ox = %x is studied by Benjamin et al., with

u(x, t) being considered in a class of real nonperiodic functions defined for -00 < x < 00

and t ::::: ° [12). The BBM equation is studied in flows of fluid. Examples where the BBM

equation is used are acoustic-gravity waves in compressible fluids, hydromagnetic waves

in cold plasma and acoustic waves in anharmonic crystal.

The BBM equation is studied as an alternative and improvement of the Korteweg-de

Vries (KdV) equation

OtU(x, t) + oxxx'u(x, t) + u(x, t)ox'u(x, t) + ox'u(x, t) = 0, (2.6.2)

particularly for describing unidirectional long dispersive waves. In general, the KdV

model in physical science and engineering has difficulty with the dispersion ratio; a

ratio of dispersion's effect in a medium, when a wave is travelling within the medium.

The dispersion term oxxxu in the KdV model has a tendency to emphasise the short­

wave components which is unnatural with respect to the original physical problem, The

dispersion relation OxxtU in the BBM model overcomes this difficulty by giving a bounded

dispersion relation [37). Besides that, modelling with the BBM equation also overcomes

the stability problem with high wave number components in the KdV modeL

Details on the uniqueness and stability of the BBM model for long waves in nonlinear

dispersive systems can be found in [12]. The existence and uniqueness of (2.6.1) and

its non-homogeneous form are studied by Benjamin et al. Besides that, the uniqueness,

global existence and continuous dependence of solutions on initial and boundary data for

model equation (2.6.1) with an additional term -Oxx71, are studied by Bona and Dougalis

[14). Another general case of the BBM equation, namely

OtU(x, t) - Oxxtu(x, t) + oxf(u) = g(x, t) (2.6.3)

where f E C1(JR) and g E LOO(O, T; L2(0, 1)), is studied by Medeiros and Miranda [39].

They prove existence, uniqueness and regularity of (2.6.3). The BBM equation is also
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studied for periodic solutions (periodic with respect to the x variable) [23], [38J. For

higher dimensions, a study on the existence, uniqueness and regularity is conducted by

Goldstein et. al [27J.
Since decades ago, initial boundary value problems for various generalized BBM

equations have been studied. For example, in [32], a linearised method which is based on

a differential quadrature method is studied as a new method to approximate the BBM

equation on a semi-infinite interval. A linearised Crank-Nicolson H1MFEM is studied for

coupled BBM equations in [59J. Besides that, a numerical study on the BBM equation

with a mixed FEM (differently from the method studied in Chapter 4 of this thesis) can

be found in [33J. In this study, we are interested on a posteriori error estimation for the

BBM equation, where the approximate solutions are computed by using the H1MFEM.

2.7 The Burgers equation

The Burgers equation

8tu(x, t) + u(x, t)8xu(x, t) = v8xxv,(x, t) (2.7.1)

is a fundamental one dimensional nonlinear partial differential equation occurring in var­

ious areas ofmathematical modelling, particularly in mathematical models of turbulence

and shock wave theory. Solution 7J, (.7: , t) can be considered as a quantity of a velocity for

space x and time t. The value of v is a small parameter known as a viscosity coefficient

of the fluid motion, which is related to the Reynolds number R = i. The Burgers model

has been studied as the simplest form of nonlinear advection term u8xu and dissipation

term v8xxu for simulating the physical phenomena of wave motions.

Since decades ago, the Burgers model became an interest of researchers due to the

tendency of a steep gradient (shocks) which almost becomes discontinuous when the

viscosity coefficient v = 0 in (2.7.1) i.e.

8t'U(x, t) + 'U(x, t)8x'u(x, t) = O. (2.7.2)

Equation (2.7.2) is also known as inviscid Burgers equation.
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Because of the nonlinear convection term and the occurrence of the viscosity term,

the Burgers equation (2.7.1) shows similar features with Navier-Stokes equation and it

is viewed as the simplified version of the Navier-Stokes equation. Due to the complexity

in obtaining the analytical solutions, many researchers have used numerical methods as

a tool to approximate the solution, e.g. finite element methods and spline interpolation.

In 1950, Hopf and Cole introduced a method to solve (2.7.1), which is known as

a Hopf-Cole transformation [29J. By the Hopf-Cole transformation, a new dependent

variable w(x, t) is introduced such that

() ( oxw(x, t))U x,t = -2v
w(x,t)

.

Then, the nonlinear Burgers equation (2.7.1) is transformed to a linear heat equation

Otw(x, t) = vOxxw(x, t).

Since the heat equation is explicitly solvable in terms of the so-called heat kernel, then

the general solution of the Burgers equation can be obtained. There are many numeri­

cal studies conducted which are relied on the Hopf-Cole transformation of the Burgers

equation, e.g. [43, 44J.
There are many studies have been done on the numerical methods for the Burgers

equation. Numerical studies of Burgers equation by FEM can be found in [4, 25, 43J. A

series of study on application of FEM and spline in approximating the Burgers equation

can be found in [5, 31, 44, 60J and the references therein. Some studies on the a posteriori

error estimations for the Burgers equation are studied by Patera et.al [41, 50J.

Considering the importance of the Burgers equation as a mathematical model of

turbulence and shock wave theory and a simplified model to study the Navier-Stokes

equation, we are interested to study the error estimation of the Burgers equation. In

this study, we focus on approximation of the Burgers equation without the Hopf-Cole

transformation. We first implement the H1MFEM to compute the approximate solution

of the Burgers equation. Secondly, we design a posteriori error estimation for the Burgers

equation, using the approximate solution produced by the HIMFEM.



Chapter 3

A posteriori error estimation: a

general framework

In this chapter, we give the general framework of a posteriori error estimation in finite

element analysis. We begin this chapter with an introduction about a posteriori error

estimation, and properties of a good a posteriori error estimation. Section 3.2 is devoted

to discussing some known a posteriori error estimation techniques. We finish this chapter

with a discussion on a posteriori error estimation for time dependent partial differential

equations in Section 3.3.

3.1 Introduction

Error estimation of finite element solutions has been studied since the late 1970s [6].
A priori error estimation gives information about the asymptotic behavior of the ap­

proximation. With a priori error estimates, we obtain information on convergence rates

of the problem. This is not enough to give a quantitative error information of the prob­

lem.

On the other hand, a posteriori error estimation derives the estimation of the exact

error by employing the approximate solution and provides a practical accurate estima­

tion. Additionally, a posteriori error estimates can be used to steer adaptive schemes,

that is to decide the refinement processes, namely local mesh refinement or local order
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refinement schemes. After having computed an approximate solution, it is possible to

obtain a posteriori error estimates which give quantitative information about the accu­

racy of the solution. A posteriori error estimation of finite element solutions for one

dimensional problems have been first studied by Babuska et al. in 1981 [8]. Babuska ct

al. developed the theory for a posteriori error estimates under any LP-energy norm for

2 ::; p < 00.

In general, a good a posteriori error estimation should have several properties. Firstly,

an error estimator should be accurate in the sense that it is close to the exact error. Sec­

ondly, the error estimation should be applicable for a wide range of mesh spacings and

different polynomial degrees. Thirdly, the procedure of computing the error estimators

should be inexpensive relative to the cost of computing the approximate solutions. This

means, the error estimator should be computed locally on each element. The localization

of the error estimate equations to the element level is a key step in reducing the compu­

tation cost in dealing with the global problem. This theme is applied in the derivation

of all a posteriori error estimates. Lastly, an error estimation should be possible to be

applied in the refinement process in adaptive schemes. Error estimators which are com­

puted locally for an element provide an indication about where approximation accuracy

is insufficient and where the refinement process should be applied.

3.2 Techniques of a posteriori error estimation

In this section, we mention some of the known a posteriori error estimations. The

materials contained in this section are mainly taken from the book by M. Ainsworth and

J. T. Oden [3].
In order to discuss the techniques of a posteriori error estimation, we consider a one

dimensional model elliptic boundary value problem of finding the solution 1/, of

-u"(.'];) + u(x) = f(x) xED = (0,1), (3.2.1)

where f E HO(D) and 7L = 0 at the endpoints of D. A weak formulation of the problem

is to find 'U E HJ(D) such that

88('U, a) = U, (1:)0 Va E HJ(D),



3.2 Techniques of a posteriori error estimation 20

where @(.,.) represents the H1(.f2)-inner product.
Let Ui; E V� be a finite element approximation of u such that

By noting the weak formulation and the finite element approximation, the residual equa­

tion of the exact error e = u - Uh satisfies

(3.2.2)

The first two techniques are explicit and implicit schemes of a posteriori error estima­

tion. The third technique of a posteriori error estimation is the recovery methods. And

finally, the forth technique is a posteriori error estimation which is based on hierarchical

bases.

Explicit schemes

Explicit schemes involve a direct computation using available data in which the error

estimators are computed directly from the finite element approximations. As an example,

the residual equation (3.2.2) of the exact error is decomposed into local contributions

from each element l for l = 1, ... , N, namely
N

@(e,a) = L {(I, a)o,f21 - @1(Uh,a)} Va E HJ(.f2),
1=1

where @IC,') represents elementwise of the bilinear form, on ill, Let U� and U� be the

piecewise first order and second order derivatives of Uh. By using integration by parts

on (U�, a')o,f21 of @1(Uh, a) and rearranging the terms, we have

N

@(e,a) = L (R,a)o,f21 Va E HJ(.f2)
1=1

where R = f + U� - Ui; is the element residual. Recalling the Galerkin orthogonality

condition

and introducing the interpolation operator IIh : HJ -+ V�, we have

N

,g§(e,a) = L (R, 11' - IIha)O,fll Va E HJ(.f2).
1=1
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Then, by using the Cauchy Schwarz inequality elementwise and

with hz is the diameter of nz, the error estimate is computed such that

(3.2.3)

Explicit estimators are derived originally by Babuska and Rheinboldt for problem

posed in one space dimension [7]. Babuska and Rheinboldt show the existence of unique

mesh distribution for a two point boundary value problem by using the explicit a pos­

teriori error estimates. Explicit schemes generally require less computational effort but

involving compromises in robustness and utility as a way to have an accurate and quan­

titative error estimation [3].

Implicit schemes

On the other hand, implicit schemes involve the solution of an algebraic system of equa­

tions. The interest in implicit schemes results from the fact that in explicit schemes

the whole information for the total error is obtained only from the computed solution,

when it might be possible to obtain more accurate information on the error by solv-

ing additional auxiliary problems. It is known as implicit error estimator because the

approximation of the error must be solved over each element to determine the error es­

timator. The global problem is replaced by sequence of uncoupled local boundary value

problems which are posed either over a single element (element residual method) or over

a small patch of elements (subdomain residual method). The error estimator is obtained

by evaluating the norms of the solutions of the local problems and summing the local

approximations over the elements.

In general, the subdomain residual method involves a decomposition process of the

global error equation into a number of local residual problems on small element patches

with homogeneous Dirichlet boundary conditions. Consider this method in our model

problem for a mesh of N nodes. Let 'l/Ji E V� be the shape function corresponding to
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node i. These functions are characterized by the conditions

where Xj is any of the N nodes and

N

L '¢>i(X) = 1 x En.
i=l

(3.2.4)

We introduce on each patch of elements, Di as the support of node function '¢>i containing

Xi· Using (3.2.4), equation (3.2.2) is replaced by a sequence of independent equations

posed on small subdomains such that

&8(e, a) = (.t, a t'ljJi) - &8(Uh, a t'ljJi)
,=1 0 i=l

N N

=L (.t, oo'ljJi)O - L &8(Uh, a'ljJi) Va E HJ(Sl). (3.2.5)
i=1 i=1

The function OO'¢>i is supported on the set ti, and vanishes on the boundary. Therefore,

it follows that a'¢>i belongs to the space HJ (Di). The local bilinear and linear forms

associated with this space are respectively given by

&8i(u, a) = f_ (uoo +u'oo') dxinz

and

(f,OO)O,i = Z [caix,ini
The subdomain residual problem consists of finding e; E HJ(Di) such that

(3.2.6)

By referring to (3.2.5), the error estimator '17i associated with the subdomain Di is taken

to be

and the global error estimator '17 is computed by summing the contributions from the

subdomains
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There are two disadvantages of this method. Firstly, the local patch problems are rather

expensive to solve accurately. Secondly, each element is treated several times according

to the number of patches associated with it. Solving local problems posed over individual

elements (element residual method) is an alternative to overcome these disadvantages.

In the element residual method, a local error ez is defined on a single element l, i.e.

(3.2.7)

recalling that Dz is element lth whereas the subdomain Qi is a union of Dz's. It is noted

that all of the local errors ei have disjoint supports and thus, are orthogonal in HJ (D).
Then the local problem means to find a function ei E HJ(Dz) that satisfies (3.2.7). With

the solution ei of the single element known, the error estimator is computed by using

N

Ilell�l(J7) =L Ilezll�l(J7) .

Z=l

In this study, we implement an implicit scheme of a posteriori error estimation, where

the error estimators are locally computed on the elements. Details of the implicit scheme

a posteriori error estimation consider in this study will be explained in Section 3.3.

Recovery methods

The main idea of this technique is to smoothen the gradients of the finite element solution.

Then, the error estimator is computed by comparing the unsmoothed and the smoothed

gradients of the approximation. Let the approximation to the gradient of the exact

solution be denoted by G[Uh], then the a posteriori error estimator is taken to be

This technique uses the fact that the gradient of the finite element solution is gener-

ally discontinuous across the interelement boundaries. The main ingredient is on the

derivation of the recovery operator G. Since the finite element approximation Uh is itself

piecewise linear, meaning that the same numerical procedures already present in the

finite element code may be reused to store and handle the post-processed gradient G.

As an example, the post-processed gradient is measured by interpolating the gradient of
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the finite element approximation at the centroids of the elements that sharing the node.

Then the estimator associated with element l is then defined to be

and the global estimator is computed as the summation of ''71 for l = 1, ... ,N. In some

cases, there is a superconvergence phenomenon, where the unsmoothed approximation

U� is closer to the smoothed gradient G[UhJ than to the exact gradient u', i.e. for a

linear interpolation case, we have

and

Hierarchical bases error estimates

A study on general theory of hierarchical a posteriori error estimations can be found in

[10J. Details of an analysis of hierarchical bases error estimation technique can be found

in [3, 10J and the references therein.

The hierarchical bases error estimate is based on the idea of obtaining the computable

error estimates by solving the problem of interest using two discretization schemes of

different accuracy. Then, the estimate of the exact error is measured from the difference

in the approximations. There are two ways in enriching the space, for example by

augmenting the original space with higher order basis functions or by using uniform

refinement on the mesh used to construct the original space.

Suppose that the finite element approximation Uh E V� is known. Let the finite

dimensional subspace W� C H"J (n) be an enrichment of the original finite element

subspace V�. It is assumed that these spaces satisfy

An improved approximation of the exact solution u is obtained from the space
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by solving

(3.2.8)

As mentioned before, the enhanced space Vr can be constructed by augmenting the

original space V� with higher order basis functions or by using a uniform refinement of

the mesh to construct the space V�. Let U;; be the solution of (3.2.8), then

The difference between two approximations U;; - Ui, will provide a computable estimate

for the error.

3.3 A posteriori error estimation for time dependent par­

tial differential equations

The solution of time dependent partial differential equations is involved in many engi­

neering applications. From a numerical point of view, in addition to the usual space

discretization, a time discretization has to be applied for time dependent problems.

Moreover, the relationship between space discretization and time discretization should

be considered to ensure the accuracy of the approximation. In this study, we focus on

nonlinear time dependent partial differential equations, which are the BBlVI and Burgers

equations.

A posteriori error estimation for time dependent problems considered in this study

is based on the procedure developed by Adjerid et al. for one dimensional parabolic

systems [2]. In their study, a finite element method of lines using hierarchical piecewise

polynomial bases of degree p � 1 is considered to approximate the solution. Then, the

a posteriori error estimates of the spatial discretization error is calculated by solving

local parabolic or local elliptic finite element problems with piecewise polynomial func­

tions of degree p + 1. Details on the analysis and numerical studies of a posteriori error

estimation with finite element methods of lines for one dimensional and two dimensional

linear parabolic systems can be found in [2, 1] and the references therein. This procedure

of a posteriori error estimates is then studied for one dimensional nonlinear parabolic
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systems [40, 54]. In 2005, 'Iran et al. studied this procedure of a posteriori error estima­

tion with finite clement method of lines for a Sobolov equation [55]. The interest points

of this idea include the simplicity of the derivation, the ease of implementation and the

provision of a basis for a local mesh refinement or local order refinement schemes, hand

p refinement, respectively.

As an example, we consider a one dimensional parabolic system

Ot71,(x, t) + g(71,) = oxx71,(x, t) x E fl = (0,1), i > 0 (3.3.1)

with

71,(x,O) = 71,o(x), x E fl, 71,(0, t) = 71,(1, t) = 0 t > 0, (3.3.2)

where g is a smooth functions satisfying a global Lipschitz condition. A weak formulation

of this problem is to find 71, E HJ(fl) such that

By using the FEM, the approximate solution Uh E VK of 7L E HJ(fl) is computed by

solving

Denoting the exact error by e(x, t) = 71,(x, t) - Uh(X, t), we infer that e satisfies the

following error representation

for any CXh E VK.
Due to superconvergence property at mesh points, we are able to approximate the

exact error e by E having the form

N

E(x, t) =L El (t)¢l,p+l (x) ,

1=1

where ¢l,p+l is defined by (2.4.4). For a given partition (2.4.1), we associate with every

subinterval fll an error estimator Ei, l = 1, ... , N. The local error estimator E; is

computable in terms of Uh on fll' by solving local parabolic or local elliptic equations



3.3 A posteriori error estimation for time dependent problems 27

using piecewise polynomials of degree p + 1. Noting (2.2.1), E is computed by solving a

local parabolic equation

(OtE(t), cPl,p+l)0,[21 + (oxE(t), OxcPl,p+l)0,[21 = - (g(U + E), cPl,p+l) 0,[21 - (OtU(t), cPl,p+l)0,[21
- (oxU(t), OxcPl,p+1) 0,[21

or a local elliptic equation

(oxE(t), oxcPl,P+1)0,[21 = - (g(U + E), 91,p+l)0,[21 - (OtU(t), cPl,p+1) 0,[21
- (oxU(t), OxcPl,p+1)O,[2/ .

Since these approximations are locally computed, we are able to identify elements for

mesh refinement in an adaptive scheme. Then, the quality of error estimate E is judged

by the global effectivity index, 8 which is defined by

8(t) = IIE(t)111.
Ile(t)lll

In 2014, Tripathy et al. implement a residual approach of a posteriori error estimation

for two dimensionals parabolic problems with the approximate solution is computed by

the HIMFEM. References on the residual approach of a posteriori error estimation can

be found in [57] and the references therein. By using the residual approach of a posteriori

error estimation of the HIMFEM for parabolic problem (3.3.1)-(3.3.2), the equivalence of

residual equations and exact errors are analysed by using the standard energy argument.

Then, error indicators with respect to both time and space are compared with the residual

equations.

In this study, we use a mixed formulation of finite clement methods of lines (HIMFEM)

for the approximations of the solution and its derivative. Then, we propose a posteriori

error estimations of the HIMFEM by using the procedure developed by Adjerid et al. To

the best of our knowledge, this is the first time this way of a posteriori error estimation

is considered for nonlinear equations such as the BBM and Burgers equations, where the

approximate solution is computed by the HIMFEM. Details of the HIMFEM, the BBM

and Burgers equations are stated in Section 2.5-Section 2.7.



Chapter 4

Benjamin-Bona-Mahony equation:

a mixed finite element method

In this chapter, we focus on a priori and a posteriori error estimations of H1MFEM for

the BBM equation. In Section 4.1, we elaborate on a formulation of weak solutions and a

finite element scheme for the BBM equation. Section 4.2 and Section 4.3 are respectively

devoted to the analysis of a priori and a posteriori error estimations. The chapter

ends with implementation and numerical experiments in Section 4.4 and Section 4.5,

respectively.

4.1 Formulation ofweak solutions and finite element scheme

We consider the following BBM equation

8tu(x, t) - 8xxtu(x, t) + u(x, t)8x'u(x, t) + 8x'u(x, t) = ° xED, t E (0, T], (4.1.1)

with Dirichlet boundary conditions

u(O,t) = u(1,t) = 0, t E [O,T], (4.1.2)

and initial condition

u(X,O) = uo(x), xED, (4.1.3)

where 8t := 8/8t, 8x := 8/8x, 8xxt := 83/8x28t, T is a positive constant and D := (0,1).
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In this chapter, C denotes a generic constant which may take different values at

different occurrences.

Following [45, 47], we use the H1MFEM which reduces equation (4.1.1) to a system

of first order equations by defining a new variable v = oxu. As a consequence, (4.1.1) is

reformulated as

Oxu(x, t) = v(x, t),

Otu(x, t) - Otxv(x, t) + u(x, t)v(x, t) + v(x, t) = 0

(4.1.4)

(4.1.5)

and for t = 0

v(x,O) = vo(x) = oxuo(x). (4.1.6)

By multiplying (4.1.4) by oxX where X E HJ(D), we obtain

On the other hand, by multiplying (4.1.5) by -oxw where wE Hl(D) we have

where we have used integration by parts and the Dirichlet boundary conditions Otu(O, t) =

otu(l, t) = 0 for the first term.

A weak formulation of the problem reads: Given Uo E HJ(D) n H2(D), find (u, v) :

[0, T]-+ HJ(D) x Hl(D) such that for t > 0

(Ox1).(t), oxX)o = (v(t), oxX)o vx E HJ(D),

(Otv(t), w)l = (u(t)v(t), oxw)o + (v(t), oxw)o Vw E Hl(D),

(4.1.7)

(4.1.8)

and that for t = 0

(4.1.9)

where Vo = oxuo·

Lemma 4.1.1. If u E W�(O, T; HJ(D) n H2(D)) and v E W�(O, T;Hl(D)) and (u, v)

are solutions to (4.1.7)-(4.1.8), then we have (u, v) satiefies (4.1.4)-(4.1.5).
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PTOOj. To show this fact, firstly by using integration by parts to (4.1.7), we have 8x(v-

8xu) = 0 in W�(O, T; HO(D)), which implies

v(x, t) = 8xu(x, t) + f(t) (4.1.10)

for all t and a.e. in D, and in particular

v(x,O) = 8xu(x, 0) + f(O) (4.1.11)

for some function f depending on t. Secondly, by integrating (4.1.11) over D, we obtain

1 v(x,O) = /" 8x'u(x, 0) + f(O).
S2 .JS2

Noting v(O) = vo by (4.1.9) and vo = 8xuo by (4.1.6), we infer that f(O) = O. By

differentiating with respect to t and integrating over D, it follows from (4.1.10) that

In 8tv(x, t) = In 8txu(x, t) + f'(t).

This together with (4.1.8) with ui = 1 yields f'(t) = O. Hence, we have (n,v) satisfies

(4.1.4), A similar argument using integration by parts gives (4.1.5). o

Let p and q be two positive integers. A semidiscrete approximation to (4.1.7)-(4,1.9)

reads: Find (Uh, Vh) : [0, T] ---7 VK x V% such that

t E (0, TJ, (4.1.12)

(8tVh(t),'Whh = (Uh(t)Vh(t),8x'Wh)o + (Vh(t),8x'Wh)o V'Wh E V%, t E (O,T],

(4.1.13)

and at t = 0

(4.1.14)

where the finite dimensional subspaces VK and V% are defined by (2.4.5).

4.2 A priori error estimation

In this section we present an analysis for a priori error estimates for the approximation of

the solution of (4.1.7)-(4.1.9) by that of (4.1.12)-(4.1.14). We first show the boundedness

of the families {Uh} and {Vh}'
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Lemma 4.2.1. If (u, v) and (Uh: Vh) are solutions to (4.1.7)-(4.1.6) and (4.1.12)­

(4.1.14) respectively, then the following inequality holds

Proof. Substituting Xh = Uh into (4.1.12) and noting Holder's inequality, we deduce

By using the Poincare inequality and the Sobolev imbedding theorem, we obtain

(4.2.1)

Letting Wh = Vh in (4.1.13), we obtain

1 d 2

"2 dt l!Vh(t) III < IIUh(t) II Loo(J?) l!Vh(t) 110 IIaxVh(t) 110 + l!Vh(t) 110 IlaxVh (t) 110

< (C IlVh(t)ll� + IlVh(t) 110) IlaxVh(t)llo,
where we use (4.2.1) in the last inequality. Integrating from 0 to t, noting from (4.1.14)

that

and using the inequality

b2
2ab < w2 + - Va, b 2': 0, E > 0,-

E
(4.2.2)

we have

IlVh(t) Iii ::; IlVh(O) Iii + c !at (1IVh(S)II� + IlVh(S)llo) IlaxVh(s)llo ds

::; C (1 + !at (1IVh(S)116 + IlVh(S)II�) dS) + C !at IlaxVh(s)ll� ds

::; C (1 + !at (1IVh(S) Iii + IlVh(S) IIi) dS) .

By using Lemma 2.3.3 (with ip(t) = IlVh(t) Iii, a = C, and 8(s) = C(s2 +8) for 8 2': 0) we

deduce from the above inequality

IlVh(t)lli ::; C Vt E [0, T*],
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where T* is defined in Lemma 2.3.3. Since

to" ds

.fa O(s)
-+ 00 as a -+ 0,

we have T* = T. Therefore, we deduce that

IlVh(i) Iii::::; C(T) Vi E [0, T].

This together with (4.2.1) implies

thus completing the proof of the lemma. o

It is usual in the error analysis for parabolic equations to consider elliptic projections;

see [53, 58]. We define [h E W�(O, T; VK) and Vh E W�(O, T; V%) satisfying, for i E

[0, TJ,

(Oxu(i) - OxUh,p(i) , OxXh)O = 0 VXh E V�.
(v(i) - Vh(i),Wh\ = 0 VWh E V%.

(4.2.3)

(4.2.4)

Let the errors in the approximation of (4.1.7)-(4.1.6) by (4.1.12)-(4.1.14) be denoted

by eh and h, i.e.,

eh(X, i) := u(x, i) - Uh(x, i) (4.2.5)

and

h(x, i) := v(x, i) - Vh(X, i). (4.2.6)

By defining the following notations

''7(x, i) = u(x, i) - Uh(X, i)

((x, i) = Uh(X, i) - Uh(X, t),

p(x, i) = v(x, t) - Vh(x, i),

�(x, t) = Vh(X, i) - Vh(X, i),

(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)

we then rewrite eh and !h respectively as

eh(x, i) = "7(x, i) + ((x, t) and h(x, t) = p(x, t) + �(x, t). (4.2.11)
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Therefore, to estimate eh and fh' we estimate each of the terms T/, (, p, and F. The

next lemma shows the approximation properties of the elliptic projections defined in

(4.2.3)-(4.2.4).

Lemma 4.2.2. Assume that u. E W�(o, T; HJ(fl) nHP+I(fl)). Assume further that 7) E

W�(o, T; Hq+l(fl)). Then the functions T/ and p defined by (4.2.7) and (4.2.9) satisfy

for j = 0,1

11T/(t)llj :s ChP+I-j Ilu(t)llp+l'

IIOtT/(t)llj :s ChP+l-j IIOtu(t)llp+l,
IIp(t)llj :s Chq+l-j Ilv(t)llq+l,

IIOtp(t)llj :s Chq+l-j (1Iv(t)llq+l + IIOtv(t)llq+l) .

(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

Proof. We start withj = 1 for (4.2.12). Noting (4.2.7) and using (4.2.3) we have for any

Xh E V�

IIDxT/(t)ll� = (DxU - DxUh, DxU - oxUhlo
= (oxu - OxUh, oxu - oxXhlo + (oxu - OxUh, OxXh - oxUhlo
= (oxu - OxUh, oxu - oxXhlo :s Iloxu(t) - OxUh(t) 110 Iloxu(t) - oxxhllo·

Hence by using the Poincare inequality and (2.4.6) we have

(4.2.16)

Similarly we prove (4.2.14) with j = 1, noting that the HI-inner product is used in

(4.2.4).
The results for j = 0 can be obtained by using the Aubin-Nitsche trick [53, 58].

We prove only (4.2.12) for j = O. Let sp E HO(fl) and consider the problem of finding

'ljJ E H2(fl) n HJ(fl) such that

-oxx'ljJ = cp in fl (4.2.17)

with 'ljJ(0) = 'ljJ(1) = O. Recalling that the solution 'ljJ of (4.2.17) is smoother by two

derivatives in HO(fl) than the right hand side cp, thus we have

(4.2.18)
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For any 'l/Jh E V� we have

(u - o; r.p)o = - ('u - o: oxx'tP)o = (oxu - OxUh, Ox'tP)o = (oxu - OxUh, ox'tP - Ox'tPh)o
::; IIOxu - OxUhllo Ilox'I/J - ox'I/Jhllo·

From (2.4.6), we have

This together with

yield

Then, (4.2.18) gives

We obtain (4.2.12) by choosing r.p = u - ti;
On the other hand, by differentiating (4.2.3) and (4.2.4) with respect to t, it can be

seen that OtUh and atVh are respectively the elliptic projections of OtU and OtV, namely

(4.2.19)

and

(4.2.20)

Therefore, (4.2.13) and (4.2.15) can be proved in a similar way to (4.2.12) and (4.2.14).
D

It is well-known that the elliptic projection approximates the Galerkin solution better

than the exact solution; see e.g. [53]-[55], [58]. The next lemma shows this property,

namely the superconvergence property of � and (.

Lemma 4.2.3. Assume thatu E W�(O, T; HJ (f2)nHP+l (f2)) osul u E W�(O, T; Hq+l(f2)).

Then, the following estimates hold

(4.2.21 )
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and

11�IIW�(Hl) S Ch'Y (1InIIL=(HP+l) + IlvIIL=(HQ+l)) ,

where '"Y = min(p + 1, q + 1).

(4.2.22)

Proof. Firstly, by subtracting (4.1.12) from (4.1.7) and using (4.2.7)-(4.2.10) we have

(4.2.23)

By noting (4.2.3) the first term in (4.2.23) vanishes, and thus we obtain

(4.2.24)

Substituting Xh = ( E V� in (4.2.24) and using the Holder inequality give

118x((t)ll� < IIp(t)llo 118x((t)llo + 11�(t)llo 118x((t)llo·

This and the Poincare inequality yield

11((t)lll S C( IIp(t)llo + 11�(t)lIo). (4.2.25)

Therefore, (4.2.21) is proved if we prove (4.2.22), noting the bound for IIp(t)llo given in

Lemma 4.2.2.

By subtracting (4.1.13) from (4.1.8) and noting 'U - Vh = ih = p+�, for any 'Wh E V%
we have

(8tp,Wh)l + (8t�, 'Wh)l = (nv, 8x'Wh)O + (p, 8x'Wh)o + (�, 8x'Wh)O - (UhVh, 8x'Wh)O
(4.2.26)

By referring to (4.2.20), we note that (8tp, whh = O. Rewriting

we deduce from (4.2.26)

(8t�, 'Whh = (n(p + 0, 8xWh)o + (Vheh, 8x'Wh) 0 + (p, 8x'Wh) 0 + (�, 8x'Wh)O

= ((n + l)(p + �), 8x'Wh)O + (Vheh, 8x'Wh)O \:I'Wh E V%. (4.2.27)
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Letting Wh = � E V% and using

we have from (4.2.27)
1 d 2

"2 dt 11�(t)lll = ((u + 1)(p + �), ax�)o + (Vheh, ax�)o'

By integrating from 0 to t, and using the fact that �(O) = 0, we have

11�(t)lli < 2.f I ((u(s) + 1)(p(s) + �(s)), ax�(s))o I ds + 2.it I (Vh(s)eh(s), ax�(s))o I ds
=: 3'i + 32· (4.2.28)

By using the Cauchy-Schwarz inequality and (4.2.11), we have

3'i < 2 (1IuIILOO(LOO) + 1) lot (1Ip(s)llo Ilax�(s)llo + 11�(s)llo Ilax�(s)llo) ds
< C lot (1Ip(s)llo Ilax�(s)llo + 11�(s)llo Ilax�(s)llo) ds
::::; C Ilplli2(HO) + C lot 11�(s)lli ds.

Noting the bound of IIp(t)llo in Lemma 4.2.1, we have

5i ::::; Ch2(q+l) + C lot 1I�(s)lIi ds. (4.2.29)

Similarly, by referring to Lemma 4.2.1 and using (4.2.25) we have

32 ::::; 21IVhIlLoo(Loo) lot lIeh(s)lIo lIax�(s)lIo ds

< C lot (1I7](s)lIo + 1I((s)lIo) Ilax�(s)lIo ds

::::; C .it (1I''7(s)lIo + IIp(s)lIo + 1I�(s)lIo) lIax�(s)lIo ds

< C (1I''7l1i2(Ho) + IIplli2(Ho)) + c.f 1I�(s)lIi ds

< Ch2,,( (liullioo(HP+l) + IIvllioo(Hq+l)) + C .it 1I�(s)lIi ds. (4.2.30)

Thus, (4.2.28)-(4.2.30) yield

1I�(t)lIi < Ch2,,( (liulli=(HP+l) + IIvllioo(HQ+l)) + C lot 1I�(s)lIi ds.

The desired estimate (4.2.22) now follows from Lemma 2.3.2 (Gronwall's Lemma). 0
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In the following lemma, we prove the bounds for IIOt�(t)lll and IIOt((t)lll.

Lemma 4.2.4. Assume that OtU E UXl(O, T; HJ(D) n HP+l(D)) and

OtV E Loo (0, T; Hq+l (D)). Then, the following estimates hold

(4.2.31 )

and

(4.2.32)

where I = min(p + 1, q + 1).

Proof. Substituting Wh = Ot� E V� in (4.2.27) yields

By using Lemma 4.2.1 and the Cauchy-Schwarz inequality, we have

IIOt�(t)lli :::; (1 + II'uIILOO(LOO)) (1Ip(t)llo + 11�(t)llo) IIOtx�(t)llo

+ IlVhIILOO(L<X» Ileh(t)llo IIOtx�(t)lIo

:::; c( IIp(t)llo + 11�(t)llo + Ileh(t)llo) IIOt�(t)lll·

Noting eh = TJ + (, we have

IIOt�(t)lll < c( IIp(t)llo + 11�(t)llo + 11,,}(t)llo + 11((t)llo).
Hence, inequality (4.2.31) is obtained by referring to Lemma 4.2.2 and Lemma 4.2.3.

On the other hand, in order to have (4.2.32), firstly we differentiate (4.2.24) with

respect to t to have

Letting Xh = Ot( E V� and using the Cauchy-Schwarz inequality we have

IIOtx((t) 116 :::; IIOtp(t)llo IIOtx((t)llo + IIOt�(t)llo IIOtx((t) 110 .

Using the Poincare inequality yields

IIOt((t)lll < c( IIOtp(t)llo + Ilot�(t)llo). (4.2.33)

Therefore, we complete the proof by noting (4.2.15) and (4.2.31). o
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By combining the results in Lemma 4.2.2-Lemma 4.2.4, we are now ready to state

the results for a priori error estimates of (4.1.7)-(4.1.8) by (4.1.12)-(4.1.13).

Theorem 4.2.5. Assume that u E W�(O, T; HJ(D) n HP+l(D)) and

v E W�(O,T;Hq+1(D)). AssumefurtherthatVh andVh satisfyVh-Vh = OtVh-OtVh = 0

at t = O. Then, for j = 0, 1 there exists a positive constant C > 0 independent of h such

that

Ileh(t)llj < Chmin(p+1-j,q+1) (1IuIILOO(HP+l) + IlvIILOO(Hq+l))'
IIfh(t)llj < Chmin(p+l,q+l-j) (1IuIlLOO(HP+l) + IlvIILoo(m+1))'

Iloteh(t)llj � Chmin(p+1-j,q+1) (1IuIILOO(HP+l) + IlotuIILOO(HP+l) + Ilvllvx'(Hq+l)
+ IIOtvIILOO(Hq+l)),

Ilot.fh(t) Ilj < Chmin(p+l,q+l-j) ( IluIILOO(HP+l) + 111'IIL=(Hq+l) + IIOtvIILOO(Hq+l) ).

4.3 A posteriori error estimation

In this section, we design strategies to compute a posteriori error estimates from the

finite element solutions Ui, and Vh computed by using (4.1.12)-(4.1.13).

We approximate the exact errors eh and !h, see (4.2.5)-(4.2.6), by E E S�+l and
F E S�+\ respectively. As in [54] and [55], the approximate errors E and F should

maintain some properties of the exact errors. Moreover, our strategies involve the local

computation of E and F on each subinterval to facilitate parallel computation.

From (4.1.12)-(4.1.13) and (4.1.7)-(4.1.8), we infer that the exact errors satisfy for

all Xh E V�
(4.3.1)

and for all Wh E V�

(Otfh(t), 'Whh - (eh(t)fh(t), Ox'Wh)O - (Uh(t)!h(t), Ox'Wh)O - (Vh(t)eh(t), Ox'U'h)o

- (!h(t),Ox'Wh)o = (Uh(t)Vh(t),OxWh)O + (Vh(t),Ox'Wh)o - (OtVh(t),Whh· (4.3.2)

At t = 0, noting (4.1.9) and (4.1.14), we have

(4.3.3)
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Due to (4.1.13), the right hand side of (4.3.2) vanishes. However, for the purpose

of developing a posteriori error estimates, we keep these terms in the equation as an

indication of how the a posteriori error estimation should be.

Recalling (-, ')o,S:h defined by (2.2.1) on the subinterval [2{, l = 1, ... , N, we propose

to compute E and F locally on each subinterval [2{, by one of the following two methods.

Method (i): Nonlinear parabolic error estimate

Let E E S�+1 and F E S%+l be defined on [2{ by

(4.3.4)

and

- (F(t), oxwh)o,nl = (Uh(i)Vh(t), oxwh)o,nl + (Vh(i), oxwh)o,nl
- (otVh(i),Wh)1,n1 VWh E S%+\ (4.3.5)

when t E (0, T] and

(4.3.6)

when t = O.

Method (ii): Linear parabolic error estimate

Let E E S�+1 and F E S%+1 be defined on [2/ by

(4.3.7)

for all h E S�+ 1 and

(4.3.8)

for any 'Wh E S%+l and when t E (0, T]. The initial condition at t = 0 is defined by

(4.3.9)
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In the computation of a posteriori error estimator F, an additional saving on the

computation cost can be obtained by neglecting the term (E(t)F(t), Ox'Wh)O n ' therefore
, I

reducing the nonlinear equation (4.3.5) of Method (i) by the linear equation (4.3.8) of

Method (ii).
Since supp ¢1,p+1 = nl, if'ljJ E HO(D) then the statement

is equivalent to

Hence, in fact (4.3.4)-(4.3.9) hold for the inner product on the whole domain n.

In order to emphasize on the polynomial degrees p and q, as in the remaining part

we will need different projection onto spaces of different polynomial degree, we rewrite

- -

1 0p
- -

1 q
- -

Uh,p := u, E Woc'(O, T; Vh) and Vh,q := Vh E W00(0, T; Vh), where Uh and Vh are defined

by (4.2.3)-(4.2.4). For example, by Uh,p+1 we mean the projection defined by (4.2.3)
° +1

°

onto the space V� instead of V�.
- q+1Let Vh,q+1 E Vh be defined by

(4.3.10)

By noting that V%+1 = V% EB S%+\ we can write Vh,q+1 as

(4,3.11)

Letting

where eh and fh are defined by (4.2.5)-(4.2.6) and letting

E(t) := IIE(t)lll + IIF(t)lll )

we define the effectivity index by

8( ) = E(t)
t

e( t)
.

We now state the main result of this section,
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Conjecture 4.3.1. For any V E Hq+1(D), let i\,q, Vh,q E V% be defined respectively by

(4.3.11) and (4.2.4). Then we conjecture that:

(4.3.12)

where C is independent of h.

We computed IIVh,q - Vh,qll1 for the following functions V, with D = [0, 1J.

1. Example 1: V(x) = x2 exp(2x + 1) - x exp(3);

2. Example 2: V(x) = sin('/Tx);

3. Example 3: V(x) = 10g(1 + x) - x log(2);

4. Example 4: V(x) = x5/2;

5. Example 5: V(x) = x7/3.

The numerical convergence orders K:v presented in Table 4.1-Table 4.5 justify our con­

jecture. In fact, the results of Example 1, Example 2 and Example 3, where the functions

V are smooth show a higher convergence order for q 2: 2, namely O(hq+2) rather than

O(hq+1).

Theorem 4.3.2. Let Vh,q and Vh,q be defined respectively by (4.3.11) and (4.2.4). As­

sume that the Conjecture 4.3.1 holds and

e(t) 2: Chmin(p,q). (4.3.13)

Then the approximate err-ors E E S�+l and F E S%+l defined by Method (i) and

Method (ii) satisfy for almost all t E [0, TJ

lim 8(t) = 1.
h-+O

We now provide the proof of Theorem 4.3.2, which is based on the following lemmas.

For the analysis, we first define eh E S�+l and fh E S%+l such that for l = 1, ... , N

(4.3.14)
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q h II Vh,q - Vh,q II KV

1/4 4.2572E-01

1/8 1.0773E-01 1.983

1/16 2.7017E-02 1.996
1

1/32 6. 7594E-03 1.998

1/64 1.6902E-03 1.999

1/128 4.2257E-04 2.000

1/4 1.8450E-03

1/8 1.1865E-04 3.958

1/16 7.4697E-06 3.989
2

1/32 4.6771E-07 3.997

1/64 2.9245E-08 3.999

1/128 1.8275E-09 4.000

1/4 3.5090E-05

1/8 1.1253E-06 4.963

1/16 3.5397E-08 4.991
3

1/32 1.1080E-09 4.998

1/64 3.8795E-ll 4.836

Table 4.1: Experiments justifying (4.3.12) by Example 1.
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q h IIVh,q - Vh,qll K,v

1/4 3.3110E-02

1/8 8.2216E-03 2.009

1/16 2.052IE-03 2.002
1

1/32 5.1281E-04 2.001

1/64 1.2819E-04 2.000

1/128 3.2047E-05 2.000

1/4 1.1657E-04

1/8 7.3449E-06 3.988

1/16 4.5997E-07 3.997
2

1/32 2.8762E-08 3.999

1/64 1. 7979E-09 3.999

1/128 1.1243E-10 3.999

1/4 2.2898E-06

1/8 7.2066E-08 4.989

1/16 2.2561E-09 4.997
3

1/32 7.0535E-ll 4.999

1/64 2.9263E-12 4.591

Table 4.2: Experiments justifying (4.3.12) by Example 2.
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q h IIVh,q - Vh,qll KV

1/4 2.6102E-03

1/8 6.5485E-04 1.995

1/16 1.6386E-04 1.998
1

1/32 4.0974E-05 1.999

1/64 1.0244E-05 1.999

1/128 2.5611E-06 2.000

1/4 4.5141E-06

1/8 2.8871E-07 3.967

1/16 1.8155E-08 3.991
2

1/32 1.1364E-09 3.998

1/64 7.1053E-11 3.999

1/128 4.4416E-12 3.999

1/4 7. 1648E-08

1/8 2.3339E-09 4.940

1/16 7.3752E-11 4.984
3

1/32 2.3113E-12 4.996

1/64 1.4046E-13 4.041

Table 4.3: Experiments justifying (4.3.12) by Example 3.
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q h 111\,q - Vh,qllJ K,v

1/4 l.3135e-02

1/8 3.2771e-03 2.003

1/16 8.1861e-04 2.001
1

1/32 2.045ge-04 2.001

1/64 5. 1141e-05 2.000

1/128 l.2785e-05 2.000

1/4 l.8952e-05

1/8 l.297ge-06 3.868

1/16 8. 7633e-08 3.889
2

1/32 5.8552e-09 3.904

1/64 3.8811e-10 3.915

1/128 2.5601e-11 3.922

1/4 4.9335e-07

1/8 3.0902e-08 3.996

1/16 l.9326e-09 3.999
3

1/32 l.2081e-10 4.999

1/64 7.5972e-12 3.991

Table 4.4: Experiments justifying (4.3.12) by Example 4.
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q h II Vh,q - Vh,q" K.v

1/4 1.2242e-02

1/8 3.0525e-03 2.004

1/16 7.6225e-04 2.002
1

1/32 1.9047e-04 2.001

1/64 4.760ge-05 2.000

1/128 1.1901e-05 2.000

1/4 1.4244e-05

1/8 1.0518e-06 3.759

1/16 7. 6583e-08 3.780
2

1/32 5.5227e-09 3.794

1/64 3.9556e-10 3.803

1/128 2.8213e-11 3.809

1/4 5.489ge-07

1/8 3.8583e-08 3.831

1/16 2.7082e-09 3.833
3

1/32 1.9002e-10 3.833

1/64 1.3360e-11 3.830

Table 4.5: Experiments justifying (4.3.12) by Example 5.
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and

(4.3.15)

Letting

fj = U - (Oh,p + eh) ,

(= eh - E,

(4.3.16)

(4.3.17)

(4.3.18)

and

�=A-F, (4.3.19)

we rewrite

eh - E = fj + ( + ( (4.3.20)

and

(4.3.21)

In the following part, our aim is to estimate each of the terms fj, (, (, (5, � and �

of (4.3.20)-(4.3.21). The estimates of 11((t)lll and 11�(t)lll are presented in Section 4.2.

We first focus on estimating Ilfj(t)111'

Lemma 4.3.3. Assume that 1L E WJo(O, T; H"f,(D) n HP+2(D)) then there holds

(4.3.22)

Proof. Due to orthogonality of the Legendre polynomials, we have

(4.3.23)

. ·p+l .p p+l .

Therefore, by notmg Vh = Vh EEl Sh ,usmg (4.3.14), (4.2.3) and (4.3.23), we have

By noting that
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thus, we have Uh,p + eh is the elliptic projection Uh,p+1 of u into V�+l. Therefore, we

have for any Xh E V�+1

= (oxu - «o, - axeh, axu - axXh)o
+ (axu - axUh - axeh, axXh - «c, - axeh)o

= (axu - axUh - axeh, ax'u - axXh)o

Hence, by using the Poincare inequality we have

thus proving the lemma. D

We now focus on estimating IIp(t)111' 11((t)111 and 11�(t)111'

Lemma 4.3.4. Assume that'U E W�(0,T;Hq+2(f?)). Let Vh,q and Vh,q be defined

respectively by (4.3.11) and (4.2.4), and assume that the Conjecture 4.3.1 holds. Then

there holds

Proof. By noting (4.3.10) and using standard finite element arguments we have

By using the triangle inequality we obtain

IIp(t)1I1 = Ilv(t) - Vh,q(t) - fh(t)111
� Ilv(t) - Vh,q+1(t)111 + IWh,q+1(t) - Vh,q(t) - Ih(t)111
� cis:' + IWh,q+1 (t) - Vh,q(t) - fh(t) 111 . (4.3.24)

The lemma will be proved if we can prove IIVh,q+1 (t) - Vh,q(t) - lh(t) 111 � Chq+1. Noting
- - -

q+1that Vh,q+1 - Vh,q - !h E Vh ,due to (4.3.10) we have
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Therefore, (4.3.11) together with (4.3.15) give

IWh,q+l(t) - Vh,q(t) - th(t)ll� = (v - Vh,q - th, Vh,q+l - Vh,q - th)l
= (v - Vh,q - th, Vh,q - Vh,q) 1

+ (v - Vh,q - th,ih - th\
= (Vh,q+l - Vh,q - th, Vh,q - Vh,q) 1

� IWh,q+l(t) - Vh,q(t) - th(t)IIIIIVh,q(t) - Vh,q(t) 111 .

This implies

IWh,q+l(t) - Vh,q(t) - ]h(t)lll � IIVh,q(t) - Vh,q(t)lll .

If v E HJ(J2) and if Vh,q and Vh,q+l are defined with the HJ-inner product then it

follows from (4.3.23) that Vh,q = Vh,q' In the present case with the HI-inner product

our numerical experiments show that IIVh,q(t) - Vh,q(t)III � Chq+I. Since we are unable

to prove this result, we resort to posing a conjecture (see Conjecture 4.3.1). With this

conjecture, we obtain the required result. D

In the following lemma, we estimate (and {(see (4.3.19) and (4.3.17)) in the HI(J2)_
norm.

Lemma 4.3.5. Assume thatu E W�(0,T;HJ(J2)nHP+2(J2)) andv E W�(0,T;Hq+2(J2)).

Then the following estimates hold:

(4.3.25)

and

(4.3.26)

where,,! = min(p + 1, q + 1).

Proof. We present the proof only for the case that E and F are defined by (4.3.7) and

(4.3.8). It follows from (4.1.7) and (4.3.7) that

(4.3.27)

for any :h E S�+I. It follows from (4.3.20) that
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Similarly, it follows from (4.3.21) that

v - F - Vh =I« - F = .0 + (+.;.

Hence, (4.3.27) can be rewritten as

(OxUh, oxh)o + (oxfj, OxXh)o + (ox(" oxh)o + (oxc" OxXh)O
= (.0, oxh)o + ([, OxXh)o + (.;-, oxh)o Vh E SK+1. (4.3.28)

Due to orthogonality of the Legendre polynomials we have (OxUh,OxXh)o = 0 and due

to (4.3.14) we have (oxfj, OxXh)o = O. Therefore, (4.3.28) gives

Substituting Xh = (, E SK+l and using Holder's inequality give

By dividing both sides by iiox((t)iio and using the Poincare inequality, we deduce

ii((t)iil:::; IIp(t)llo + ii((t)iio + II.;-(t) 110 + 11((t)lll' (4.3.29)

Referring to Lemma 4.3.4 for IIp(t)llo and Lemma 4.2.3 for 11�(t)llo and 11((t)lll' we obtain

(4.3.30)

Therefore, (4.3.25) is proved if we prove (4.3.26).

Due to (4.3.19) and (4.3.18), we have

Therefore, for any Wh E S%+l

(4.3.31)

By differentiating (4.3.15) with respect to t, the second term on the right hand side of

(4.3.31) vanishes:

(4.3.32)
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From (4.3.8),

(4.3.33)

Combining (4.3.31)-(4.3.33), we have

\Ot�, Wh!t = (OtP, Wh)1 - (UhF, OxWh)O - (VhE, OxWh)O - (F, OxWh)O
- (UhVh, Ox1Vh)O - (Vh, Ox1JJh)a + (OtVh, VJhh 't/Wh E S%+1. (4.3.34)

For the last term on the right hand side of (4.3.34) we use (4.1.8) to have

(atVh, Wh)1 = (OtV, Wh)1 - (Oth, Wh)1 = (11,V, OxWh)o + (V, OxWh)o
- (Oth,Whh 't/Wh E S%+1. (4.3.35)

Therefore, (4.3.35) and (4.3.34) give

(Ot�,Wh\ = (OtP,Wh)1 - (UhF,OxWh)o - (VhE,OxWh)O - (F,OxWh)O
- (UhVh, OxWh)O - (Vh, OxWh)o + (UV, OxWh)o + (v, OxWh)o - (Oth,Whh

for any Wh E S%+l. Noting that P - fh = -(, F = P - P - �, E = ry - r; - ( and

v - Vh - F = P + � + (, we have

\Ot�, Wh)l = - (ateWh)l - \Uh(P - P - �), OxWh)o - (Vh(ry - r; - (), OxWh)O
+ (p + � + (, OxWh)O - (UhVh, OxWh)o + (uv, OxWh)O 't/Wh E S%+1.

Rewriting

we obtain

(Ot�, Wh)1 = - (Ot(, VJhh - (Uh(p - p - �), OxWh)O - (Vh(ry - r; - (), OxVJh)o
+ (p + � + (, OxWh)o + (v e«. OxWh)O + (Uhfh, OxWh)O' (4.3.36)
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Substituting Wh = � E S%+1, integrating (4.3.36) from 0 to t and noting �(O) = 0 give

11�(t)ll� = -lot (Ot�(s),�(s)\ ds -lot (Uh(S) (p(s) - p(s) - �(s)), ox�(s))o ds

-: (Vh(S) (17(S) - fj(s) - ((s)),ox�(s))o ds

+ lot (p(s) + �(s) + �(s), ox[(s))o ds + lot (v(s)eh(s), ox[(s))o ds

+ lot (Uh(s)fh(S),ox[(s))o ds =: 3'j_ + ... + 36. (4.3.37)

Recalling the Holder inequality and Lemma 4.2.1, we estimate

1321:S IIUhllux>(LOO) lot (1Ip(s)llo + IIp(s)lIo + 11�(s)llo) Ilox�(s)llo ds

:S C (1Iplli2(HO) + Ilplli2(HO») + lot 11[(s)ll� ds

:S Ch2(q+1) IlvIILOO(HQ+2) + lot 11�(s)ll� ds.

Similarly, together with (4.3.22) and (4.3.29), we estimate

15'31:S IlVhllvX>(LOO) lot (111](s)llo + Ilfj(s)llo + 11((s)llo) Ilox�(s)llo ds

:S C (111]lli2(HO) + Ilfjlli2(HO) + 11(11�2(HO») + lot 11[(s)ll� ds

:S Ch2(p+1) IluIILOO(HP+2) + C (1Iplli2(HO) + 11[11�2(HO) + 11�lli2(HO) + 11(lli2(HO»)
+ 1t 11[(s)ll� ds

:S Ch2'Y (1IuIILOO(HP+2) + IlvIILOO(HQ+2») + 1t 1I[(s)lI� ds

where "f = min(p + 1, q + 1). By referring to Theorem 4.2.5, we estimate

1351 + 1361 :S IlvIILOO(LOO) lot Ileh(s)llo 1I[(s)111 ds + IlUhIILOO(LOO) lot Ilfh(S)llo 1I�(s)1I1 ds

:S C Ilehlli2(HO) + C Ilfhlli2(HO) + C 1t 1I[(s)lI� ds

:S Ch2'Y (1Iullioo(HP+l) + II'Vllioo(HQ+1») + C .�t 1I�(s) II� ds.

The remaining terms can be estimated in a simpler way, noting that (4.2.31) is used for

Ilot�(t)lIo' Hence, (4.3.37) yields

1I[(t)lI� :S Ch2'Y (1Iullioo(HP+2) + Ilvllioo(HQ+2») + C lot 1I[(8)1I� ds.
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The desired estimate (4.3.26) followed by using Lemma 2.3.2. 0

Proof of Theorem 4.3.2

We are now ready to prove the main result stated in the Theorem 4.3.2.

Proof. By referring to (4.3.20)-(4.3.21) and using the triangle inequality, we deduce

8 t -1 _

E(t) -1 _i(IIE(t)111 + IIF(t)111) - (1Ieh(t)111 + 11!h(t)111)iI () 1- e(t)
-

ie(t)i

< iIIE(t)111 - Ileh(t)111i + iIIF(t)111 - 11!h(t)111i
-

ie(t)i
<

11f/(t)111 + iiC(t)ii1 + 11((t)111 + 11f5(t)111 + ii[(t)ii1 + 11�(t)111
-

ie(t)i
By using (4.3.22), Lemma 4.3.5, Lemma 4.2.3, Lemma 4.3.4 and inequality (4.3.13),

we infer

18(t) - 11 � Ch,

thus proving the theorem. o

4.4 Implementation issues

In this section, we show the computations of (Uh, Vh) and (E, F) respectively by using

(4.1.12)-(4.1.14) and Method (ii) (see page 39).

With cPl,k , l = 1, ... ,N and k = 1,2, ... , defined by (2.4.2)- (2.4.4), the approximate

solution (Uh' Vh) can be represented as

N N p

Uh(X, t) = 2: Ul,l(i)cPl,l(X) + 2: 2: Ul,k(t)cPl,k(X),
1=2 1=1 k=2

N+1 N q

Uh(X, t) = 2: Vz,1(t)cPl,l(X) + 2: 2: Vz,k(t)cPl,k(X).
1=1 1=1 k=2

Let the L2-inner products
II' Icxk"k' = (cPl,k>cPl',k' 0'

a���, = (oxcPl,k,cJxcPl',k'lo'

(4.4.1)

(4.4.2)
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and

(4.4.3)

For each l = 1, ... , N, and r, r' = 2,3, ... , we define a 2 x 2 matrix Mi,l' a 2 x (r - 1)
matrix Mi,r, and an (r - 1) x (r' - 1) matrix M�,r' with entries, respectively,

(Ml )., _ l+j-1,I+i-1
1,1 ')

- a1,1 ,

(Ml )" _ 1,I+i-1
1,r 2)

- aj,l '

i,j = 1,2

i=1,2, j=2, ... ,r,

(Ml) 1,1
r.r' ij

== aj,i' i = 2, ... ,r, j = 2, ... .r',

S· '1 1 d fi Sl Sl s' b
. II' I I I II'

imi ar y, we e ne 1,1' 1,r' r.r' Y usmg a/,r, and B 1,1' B1,r' B r.r' by using (3r',r,
II'

instead of a/,r. By using these notations, we then define matrices

Mi,r)I
'

Mrr
(4.4.4)

(4.4.5)

and

I ( BL Bir')B -

' ,

r.r'
-

( I )
T I

'

B1,r Br,r'
where T denotes the transpose matrix. We note that the matrices M� and S� have size

(4.4.6)

(r + 1) x (r + I), whereas the matrix B�,r' has size (r + 1) x (r' + 1).

By using M�, S� and B�,r" we assemble the global matrices M»; S; and Br,r"

respectively. We note that the sizes of the global matrices Mr and S; are (Nr + 1) x

(Nr + 1) and of Br,r' is (Nr + 1) x tNr' + 1).

We also define, for each l = 1,. ,., Nand p, q = 2,3, ... ,

and

where Ul,1 and UN+1,1 are zeros. The vectors U and V are of size (Np + 1) x 1 and

(Nq + 1) xl, respectively, and are assembled from the vectors u' and Vi.
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With the above matrices defined, the matrix representation of (4.1.12)-(4.1.13) is of

the form

SpU(t) = Bp,qV(t),

(Mq + Sq) atV(i) = H(U(t), V(t)).

(4.4.7)

(4.4.8)

Here, the vector H(U, V) is an (Nq + 1) x 1 vector defined by

where

H(O) = [((U + l)V, (hllo' ((U + l)V, ¢2,llo,"" ((U + l)V, ¢N+l,llolT
and

H(l) = [((U + l)V, ¢1,2Io' ((U + l)V, ¢1,3Io"'" ((U + l)V, ¢1,qlolT
for l = 1, ... , N. We use the Matlab ODE solver to solve (4.4.7)-(4.4.8). Therefore, the

right hand side of (4.4.8) is computed by first solving (4.4.7) for a given V(t).

In the following part, we discuss the computation of (E, F) which are computed

locally on each nt, for I = 1, ... , N, from the approximate solutions (Uh, Vh), and have

the forms
N

E(x, t) =L Et(i)¢I,p+I(X)
N

and F(.1:, t) = L FI(t)¢t,q+1 (x).
1=1 t=l

Equations (4.3.8) and (4.3.7) are rewritten as

(atF(t), ¢1,q+111,D1 - (Uh(t)F(t), Ox¢l,q+110,D1 - (Vh(t)E(t), Ox¢l,q+llo,Dl
- (F(t), ax¢t,q+llo,Dl = (Uh(t)Vh(t), ax¢l,q+llo,Dl + (Vh(t) , ax¢t,q+llo,Dl
- (atVh(t), ¢1,q+111,D1 (4.4.9)

and

(4.4.10)

Recalling (4.4.1)-(4.4.3), we have

q

I a Vi ( ) ( 1+1,1 _1+1,1 ) + ""' a Vi (t) (1,1 + -1,1 )(atVh(t), tPl,Q+1 I,Dl
= t 1+1,1 t Cl!l,q+1 + Cl!l,q+1 Z:: t l,k' Cl!k' ,q+l Cl!k',q+1

k'=l
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and

q

(Vh(t),8x¢l,q+l)O,D1 = Vi+l,l(t),8i��ll + L Vi,k,(t),8t!,q+l := T2
k'=l

p

(Vh(t),8x¢l,p+l)O,D1 = Vi+l,l(t),8i��ll + L Vi,k'(t),8�!,p+l := T3·

We note that

k'=l

and

1,1 hI
(\;p+l,p+l = (2p + 3)(2p - 1)'

-1,1 2
(\;p+l,p+l = h,I

1
P = q + 1,V(2q+3)(2q+l) ,

,81,1 1
p+l,q+l V(2q+�)(2q-l)' P = q - 1,

0, otherwise.

By defining

J3b',q = (¢l,k¢l,k" 8X¢I,q+l)O,Dl '

�b',q = (¢l+l,k¢l,k" 8X¢I,q+l)O,Dl
and

we have

(Uh(t)F(t), B"h,,+1)o,n, � Pl(t) [U'+1,' (t)ili,,+1.' + t, U"k (t)ilk,,+ I" 1
:= T4Fl(t),

(Vh(t)E, (t), B"¢",+1)o,n, � E, [1',+1,1 (t)ili�+I" + t;, v"W (t),3'w�+ I" 1
:= nEl(t),

(4.4.11)

(4.4.12)

(4.4.13)

(4.4.14)

(4.4.15)

(4.4.16)

(4.4.17)
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and

(Uh(tM,(t), 8.¢l,q, I)o,n, � Ul+1,1 (t) [V,+1,1 (,)fiLI" +1; V"k'(t)ilL",,+1]
+ t, U1,,(t) [v, tl,l (t)S[,l" +1; v"" (t)ili,..,q]

(4.4.18)

Note that, the values of j3� k' ,j3� k'
and �kL k' can be computed by using Matlab or

1 ,q 1 ,q , ,q

Maple.

By using the above notations, (4.4.9)-(4.4.10) can be rewritten as

and
2 II

hi
El(t) = Pp+l,q+lF1(t) + T3·

Then, by using the Backward Euler Formulation, we compute FI(tj) recursively by

(4.4.19)

where

d _ ( hi
+ _3_) ( 1 )-

(2q + 3)(2q - 1) hi tj - tj-l

and tj = jL.t for j = 1,2,3, .... The time step L.t is chosen to be not less than h.

4.5 Numerical experiment

In this section, we present the numerical results when we solve the following BBM

equation

J-L 1
Otu(x, t) -

d2Oxxtu(x, t)
+ dU(x, t)oxu(x, t) = g(x, t), x E (0,1), t E (0,1]'

u(O, t) = u(l, t) = 0, t E [0,1]'

whose exact solution (u, v) is

u(x, t) = 3sech2(k(dx - a)) - 3(1- x) sech2( - ka) - 3x sech2 (k(d - a))
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and

v(x, t) = -6kdsech2(k(dx - a)) tanh (k(dx - a)) - 3sech2(k(d - a)) + 3sech2( - k a),

where the constants are a = xO+lIt, k = 0.35, f..L = 1/4k2, 1I = 0.5, Xo = 20, and d = 2xo.

The initial value Vo is given by

vo(x) = -6kdsech2(k(dx - xo)) tanh (k(dx - xo)) - 3sech2(k(d - xo)) + 3sech2( - kxo).

In the numerical experiment, we compute the approximate solutions (Uh, Vh) by

solving (4.1.12)-(4.1.13). After that, the errors ei, and fh are computed and the order of

convergence given by Theorem 4.2.5 is checked. Finally, we compute the error estimates

E and F by using the linear parabolic error estimate (see Method (ii) in page 39).

In Table 4 6 the relative exact errors Ileh(t)lll and Ilh(t)lll for N elements and t = 0 8
., lIu(t)lIl �

.

are presented. We compute the relative errors for p = q + 1, with p = 2,3,4.

In Table 4.7, we present the error estimations E(t) and exact errors e(t) at t =

0.8. For these numerical results, we choose 6.t = 0.4. Figure 4.5 shows the computed

effectivity indices for the numbers in Table 4.7. The results show that our a posteriori

error estimations are efficient.
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dof., dof, p q N Ileh(t)111/llu(t)lll Ku 11j,,(l)111/llv(l)lll Kv

39 21 20 1.6102E-01 4.8905E-01

79 41 40 3.5722E-02 2.172 2.3826E-01 1.037

159 81 80 8.8314E-03 2.016 1.1937E-01 0.997
2 1

319 161 160 2.2015E-03 2.004 5.9711E-02 0.999

639 321 320 5.4999E-04 2.001 2.9859E-02 1.000

1279 641 640 1.3747E-04 2.000 1.4930E-02 1.000

2559 1281 1280 3.4349E-05 2.001 7.4651E-03 1.000

59 41 20 1. 7780E-02 1.1054E-01

119 81 40 2.8360E-03 2.648 3.2042E-02 1.787
3 2

239 161 80 3.6641E-04 2.952 8.105IE-03 1.983

479 321 160 4.6186E-05 2.988 2.032IE-03 1.996

959 641 320 5.7854E-06 2.997 5.0839E-04 1.999

79 61 20 3.5710E-03 2.8850E-02

159 121 40 2.1257E-04 4.070 3.4321E-03 2.703
4 3

239 181 60 4.2714E-05 3.958 1.0320E-03 2.964

319 241 80 1.3589E-05 3.981 4.3735E-04 2.984

399 301 100 5.5803E-06 3.989 2.2440E-04 2.990

Table 4.6: The orders of convergence "-u and "-vat t = 0.8.

1.1

LOS

i1 0.95
I-'-

0.9

0.85

0.80 200 400 600 800 1000 1200 1400

l/h

Figure 4.1: Effectivity indices e by Method (ii) at t = 0.8 with different values of h.
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p q h E(t) e(t)

1/20 1.3590E+02 1.3616E+02

1/40 6.5493E+0l 6.5840E+0l

1/80 3.3539E+0l 3.2879E+Ol
2 1

1/160 1.6879E+Ol 1.6422E+0l

1/320 8.4519E+00 8.2053E+00

1/640 4.2271E+00 4.1012E+00

1/1280 2.1136E+00 2.0502E+00

1/20 2.5227E+0l 3.0560E+Ol

1/40 8.6034E+00 8.8314E+00
3 2

1/80 2.1798E+00 2.2298E+00

1/160 5.4657E-Ol 5.5853E-Ol

1/320 1.3673E-0l 1.3967E-Ol

1/20 8.4505E+00 7.9635E+00

1/40 8.9120E-Ol 9. 4488E-Ol
4 3

1/60 2.6800E-01 2.8387E-01

1/80 1.1359B-Ol 1.2025E-Ol

1/100 5.8283E-02 6. 168IE-02

Table 4.7: Values of E by Method (ii) at t = 0.8.



Chapter 5

Burgers equation: a mixed finite

element method

In this chapter, we focus on a priori and a posteriori error estimations of H1MFEM for

the Burgers equation. In Section 5.1, we elaborate on a formulation of weak solutions and

finite element scheme for the Burgers equation. Section 5.2 provides an analysis of a priori

error estimation. Section 5.3 focuses on an analysis of a posteriori error estimation. The

chapter ends with implementation and numerical experiments in Section 5.4 and Section

5.5.

Throughout this chapter, C denoted a generic constant which may take different

values at different occurrences.

5.1 Formulation of weak solutions and finite element scheme

Let fl := (0,1) and T and v (viscosity coefficient) be positive constants. We consider

the following Burgers equation

8tu(x, t) - v8xxu(x, t) + u(x, t)8xu(x, t) = 0, x E fl, t E (0, TJ, (5.1.1)

with Dirichlet boundary conditions

u(O, t) = u(l, t) = 0, t E [0, TJ, (5.1.2)



5.1 Weak formulation 62

and initial condition

'u(x,O) = uo(x), XED, (5.1.3)

where Ot :=%t, Ox := a/ox, oxx := 02/ox2.
By H1MFEM, equation (5.1.1) is reduced to a system of first order equations using

a new variable define as V = oxu [45, 47]. Thus, (5.1.1) is reformulated as

oxu(x, t) = v(x, t),

Otu(x, t) - 1/Oxv(x, t) + u(x, t)v(x, t) = 0

(5.1.4)

(5.1.5)

and for t = 0

v(x,O) = vo(x) = oxuo(x). (5.1.6)

Multiplying (5.1.4) by oxX and (5.1.5) by -oxw, where X E HJ(D) and W E Hl(D), we

have

and

noting that Otu(O, t) = atu(l, t) = O.

A weak formulation of the problem reads: Given Uo E HJ(D) n H2 (D), find (u, v) :

[0,T]-t HJ(D) x Hl(D) such that for t > 0

(oxu(t), oxX)o = (v(t), oxX)o \IX E HJ(D), (5.1.7)

(Otv(t), w)o + 1/ (oxv(t), oxw)o = (u(t)v(t), axw)o \lw E Hl(D), (5.1.8)

and

(5.1.9)

for t = O.

Lemma 5.1.1. If u E W�(O, T; HJ(D) n H2(D)), v E W�(O, T;Hl(D)) and (u, v)

satisfies (5.1.7)-(5.1.8), then we have (u, v) are solutions to (5.1.4)-(5.1.5).
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Proof. Indeed, by using integration by parts we deduce from (5.1.7) that

8x (v(x, t) - 8xu(x, t)) = 0

in W�(O, T; HO(D)) which implies that

v(x, t) = 8xu(x, t) + g(t) (5.1.10)

for all t and a.e. in D, and for some function g depending on t. Particularly, we have

v(x,O) = 8xu(x, 0) + g(O). (5.1.11)

By integrating (5.1.11) over D, noting (5.1.9) and (5.1.6), we infer that g(O) = O. On

the other hand, it follows from differentiating (5.1.10) with respect. to t and (5.1.8) with

w = 1, that

L 8txu + g('t) = 0,

implying that g'(t) = O. Therefore, we have g == 0, that is (u,v) satisfies (5.1.4). A

similar argument using integration by parts gives (5.1.5). o

Let p and q be two positive integers and V� and V% are the finite dimensional sub­

spaces ofHJ(D) and Hl(D) (see (2.4.5)). A semidiscrete approximation to (5.1.7)-(5.1.9)

reads: Find (Uh' Vh) : [0, T] --+ V� x V% such that for t > 0

(5.1.12)

(5.1.13)

and for t = 0

(5.1.14)

5.2 A priori error estimation

In this section we carry out a rigorous analysis for a priori error estimates for the ap­

proximation of the solution of (5.1.12)-(5.1.14) by that of (5.1.7)-(5.1.9), filling the gap

in [47J. We first show the boundedness of the sequences {Uh} and {Vh}·
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Lemma 5.2.1. If (u, v) and (Uh, Vh) are solutions to (5.1.7)-(5.1.9) and (5.1.12)­

(5.1.14), respectively, and if

(5.2.1)

then the following inequality holds

Proof. Substituting Xh = Ui, and Wh = Vh respectively in (5.1.12) and (5.1.13), and

using the Holder inequality, we have

(5.2.2)

and

The Sobolev imbedding theorem, Poincare inequality, and (5.2.2) imply

(5.2.4)

Hence, by integrating (5.2.3) from 0 to t, using (4.2.2) and noting from (5.1.14) that

we obtain

IlVh(t)ll� + 2v lot IloxVh(T)II� dT:S IlVh(O)II� + C lot IlVh(T)II� IloxVh(T)llo dr

:S C (1 + lot IlVh(T)II� ds + f lot IlaxVh(T)II� dT) .

By choosing E > 0 sufficiently small so that 2v - Ce > 0 we deduce

IlVh(t)ll� + lot IloxVh(S)II� ds:S C (1 + lot IlVh(S)II� dS) . (5.2.5)

Lemma 2.3.3 (with cp(t) = IlVh(t)II�, a = C and 8(s) = Cs2 for S ;:::: 0) gives

IlVh(t)ll� :S C 'it E [0, T*],
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where T* is defined in Lemma 2.3.3. Since

1(]" ds

a e(s)
-+ 00 as (T -+ 0,

we have T* = T. Therefore, noting (5.2.5) we deduce

This together with (5.2.4) implies

(5.2.6)

We next show a bound for IlutVh(t)llo. By differentiating (5.1.12) and (5.1.13) with

respect to t, we have the following results for t > 0

(5.2.7)

for any Xh E V� and

(UttVh(t) , Wh)o + V (UtxVh(t), UxWh)O = (UtUh(t) Vh(t), UxWh)O

+ (UhUtVh(t), UxWh)o (5.2.8)

for any Wh E V�. Substituting Xh = UtUh into (5.2.7), Wh = UtYh into (5.2.8), and using

the same argument as above we obtain

(5.2.9)

and

1 d 2 2

"2 dt IIUtVh(t) 110 + V IIUtxVh(t) 110 < IIUtUh( t) II £=(£2) IlVh(t) 110 IIUtxVh (t) 110

+ II Uh(t) 11£=(£2) IlutYh(t) 110 IIUtxVh(t)llo

< C(T) IIUtVh(t) 110 IIUtxVh(t) 110 '

where in the last step we have used (5.2.6) and (5.2.9). By integrating the above inequal­

ity from 0 to t, using (5.2.1), inequality (4.2.2) and invoking Lemma 2.3.2 (Gronwall's

Lemma), we deduce
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By noting (5.2.9), we have

(5.2.10)

By using [35, Lemma 1.2J or [36, Theorem 3.1J we deduce from

see (5.2.6) and (5.2.10), that (after a possible modification on a set of measure zero)

which implies by the Sobolev imbedding theorem

The final estimate IlchVhIIL2(L=) :s: C(T) also follows from (5.2.10) and the Sobolev

imbedding theorem, completing the proof of the lemma. 0

As is usual in the error analysis for parabolic equations, it is necessary to consider

elliptic projections. We define c, E W�(O, T; V�) and Vh E W�(O, T; V%) satisfying, for

t E [0, TJ,

(oxu(t) - OxUh(t), oxXh)o = 0 'VXh E V�,
a'(u(t); v(t) - Vh(t), Wh) = 0 'VWh E V%,

(5.2.11)

(5.2.12)

where the bounded bilinear form a'(u;·,·) on Hl(D) is defined by (see [45])

Here, the constant A > 0 is chosen appropriately to ensure that a'(u;·,·) is Hl(D)­

coercive. We note that

a'(v.; v, v) 2: 1/ IIoxvl16 - 11v.IIL=(D) 1171110 Iloxvllo + A Ilt'116
2 1 2 E: 2 1122: 1/ Iloxvllo - C(2c: Ilvllo + "2lloxvllo) + A Ilv 0

Cc: 2 C 2
2: (1/ - 2) Iloxvllo + (A - 2c:) Ilvllo·
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By choosing E > 0 sufficiently small and A > 0 sufficiently large so that

. ( c, C)a := mIn v - - A - - > 0
2

'

2f
' (5.2.14)

we deduce that d(u;·,·) is coercive and satisfies

d(u; v, v) 2: a Ilvlli . (5.2.15)

Let the errors in the approximation of (5.1.7)-(5.1.9) by (5.1.12)-(5.1.14) be denoted

by eh and h, i.e.,

eh(X, t) := u(x, t) - Uh(X, t) and h(x, t) := v(x, t) - Vh(X, t). (5.2.16)

Recalling the symbols T}, (, P and � defined by (4.2.7)-(4.2.10) as

we rewrite eh and has:

eh(x, t) = T}(x, t) + ((x, t) and h(x, t) = p(x, t) + �(x, t). (5.2.17)

Therefore, to estimate eh and h, we estimate each of the terms T}, (, p, and f. In the

following lemma, we show the approximation properties of the elliptic projections defined

in (5.2.11) and (5.2.12).

Lemma 5.2.2. Assume that u E W,;,(O, T; HJ(D) n HP+l(D)). Assume [urther that

v E W,;,(O, T; Hq+l(D)). Then the functions T} and p defined by (4.2.7) and (4.2.9)

satisfy for j = 0,1

11T}(t)llj :::; ChP+1-j Ilu(t)llp+l'

Ilot''7(t)llj :::; ChP+l-j Ilotu(t)llp+l'

IIp(t)llj :::; Chq+1-j Ilv(t)llq+l'

IIOtp(t) Ilj :::; Chq+l-j (1Iv(t) Ilq+l + Ilotv(t) Ilq+l) .

(5.2.18)

(5.2.19)

(5.2.20)

(5.2.21)

Moreover, ifottV E LOO(O, T; Hq+l(D)) and OttVh belongs to LOO(0,T;H1(D)), then
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Proof. By differentiating (5.2.11) with respect to t, it can be seen that Ot[h is the elliptic

projection of O(U such that

Hence, (5.2.18) and (5.2.19) with j = 1 follow from standard argument. The results for

j = 0 can be obtained by using the Aubin-Nitsche trick, which is also called the duality

argument; see e.g. [53, 58].
Similarly, (5.2.20) can be proved. The proof of (5.2.21) is slightly different since Dti\

is not the elliptic projection of OtV if one differentiates (5.2.12) due to the fact that u

also depends on t. More precisely, we have from (5.2.12)

(5.2.23)

We follow the technique used in the proof of [58, Lemma 3.2]. Let Vh' E V� be the elliptic

projection of OtV defined by

(5.2.24)

Then

(5.2.25)

By using (5.2.15) and (5.2.24) we obtain

IWh'(t) - OtVh(t) II� ::; CJ<:t(U; Vh' - OtVh, Vh' - o,Vh)
= CJ<:t(u; (Vh' - Otv) + (OtV - OtVh) , Vh' - OtVh)

= CJ<:t(u; OtP, Vh' - OtVh).

This and (5.2.23) yield

IWh' (t) - OtVh(t) II� = c ((Otu)p, ox(Vh' - OtVh))o
< c IIOtu(t)IIL=(f2) IIp(t)llo 11(Vh' - OtVh)(t) 111 '

so that due to (5.2.20)

IWh'(t) - OtVh(t) 111 < c IIOtu(t)IIL=(f2) IIp(t)llo ::; ChQ+1110tu(t)IIL=(f2) Ilv(t)llq+l

:::; ChQ+1llv(t)lIq+l
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for h sufficiently small. This inequality together with (5.2.25) and the triangle inequality

gives (5.2.21) in the case j = 1. The result for j = 0 can be obtained by using Aubin­

Nitsche's trick again.

Finally, by differentiating (5.2.23) with respect to t we obtain

Inequality (5.2.22) follows by using the same argument as above, thus completing the

proof. o

The next lemma shows the superconvergence property of � and (.

Lemma 5.2.3. Assume thatu E W�(O, T; HJ(D)nHP+l(D)) andv E W�(O, T; Hq+l(D)).

Then, the following estimates hold

11(IIW�(Hl) ::; Ch'Y (1IuIIL=(HP+l) + IlotuIIL=(HP+l) + IlvIIL=(Hq+l)
+ IlotvIIL=(Hq+l)) (5.2.26)

and

1I�IIL=(Hl) + lIot�IIL=(HO) + lIot�IIL2(Hl) ::; Ch'Y (1IuIlL=(HP+l) + lIotuIlL=(HP+l)
+ IlvIIL=(Hq+l) + IIOtvIIL=(Hq+l)), (5.2.27)

where '"Y = min(p + 1, q + 1). The positive constant C depends on T, a and A defined in

(5.2.13) and (5.2.14).

Proof. First we note that by subtracting (5.1.12) from (5.1.7) we have

By using (5.2.11) we have

(5.2.28)

Substituting Xh = ( E V� in (5.2.28) and using the Cauchy Schwarz-inequality, we deduce

Ilox((t)llo::; IIp(t)lIo + 1I�(t)lIo·
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Since ((t) E H6(rl) this implies

11((t)lll < c( IIp(t)llo + 11�(t)llo). (5.2.29)

Moreover, by differentiating (5.2.28) with respect to t we have

(5.2.30)

By using the same argument we obtain

118t((t)lll ::::: c( 118tp(t)llo + 118t�(t)llo). (5.2.31)

Consequently, (5.2.26) is proved if we prove (5.2.27), noting that the bounds for IIp(t)llo
and 118tp(t)lIo are given by Lemma 5.2.2.

In the following part, we prove (5.2.27), which is divided into three steps.

Step 1: We first prove

and prove (5.2.26).
By subtracting (5.1.13) from (5.1.8) and recalling (5.2.16), we obtain

Since

we have

On the other hand, it follows successively from (5.2.17) and (5.2.12)

and the definition (5.2.13) of d(u;·,·) that

(5.2.34)
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Rewriting

(Oth, Wh)O = (OtP, 'Wh)O + (Ot�, 'Wh)O

and adding (5.2.33) and (5.2.34) give

(5.2.35)

for any Wh E V%. Letting Wh = � E V% we have

1 d 2

"2 dt 11�(t)llo + JQ"'(u;�,�) = - (OtP, �)o + (Vheh, ox�)o + A (ih, 00, (5.2.36)

By integrating (5.2.36) from 0 to t, using the coercivity of JQ"'(u;·,·) and the fact that Vh

and Vh can be chosen such that �(O) = 0, we obtain

1I�(t)ll� + fat 11�(s)lIi ds < C fat I (Otp(s), �(s))o I ds + C fat I (Vh(s)eh(s), ox�(s))o I ds
+ C fat I (fh(s),�(s))o Ids. (5.2.37)

For the middle term on the right-hand side, Lemma 5.2.1, (5.2.29), and Holder's inequal­

ity give, for any E > 0,

fat I (Vh(s)eh(s), ox�(s))o I ds :::; IlVhIILOO(LOO) fat (117](s)llo + 11((s)llo) Ilox�(s)lIo ds

:::; C fat (117](s)llo + IIp(s)llo + 11�(s)llo) Ilox�(s)llo ds

< C( 117]lli2(HO) + Ilplli2(HO)) + CE fat 11�(s)lli ds.

The first and last terms on the right-hand side of (5.2.37) can be estimated as follows.

and

fat I (h(s),�(s))o Ids:::; fat Ilfh(S)llo 11�(s)llo ds:::; C Ilplli2(HO) + CE.f 11�(s)lli ds.

Thus, (5.2.37) gives

11�(t)ll� + fat 11�(s)lli ds:::; C (117]llioo(HO) + Ilpllioo(HO) + IIOtPllioo(HO))
+ c. fat 1I�(s)lli ds.
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By choosing f > 0 sufficiently small such that 1 - Ce > 0 we deduce

Inequality (5.2.32) now follows from Lemma 5.2.2.

Step 2: We next prove

(5.2.38)

By choosing Wh = Eh� in (5.2.35) we have

Since

we have

d(u;�, Ot�) = V (ox�: Otx�) - (u�, Otx�) + A (�, Ot�)
vd 2 d Ad 2

=

"2 dt lIox�(t)llo -

dt (u�, oxOo + (�OtU, ox�)o + (UOt�, ox�)o + "2 dt 11�(t)llo·

Moreover, it is easy to see that

Hence, it follows from (5.2.39) after rearranging the terms that

� :t Ilox�(t)lI� + � :t 1I�(t)ll� + lIot�(t)116
= !!:_ (u�, oxOo + dd (Vheh, ox�)o - (OtP, OtOo + A (ih, Ot�)o - (�OtU, ox�)o

dt t

- (u Ot�, ox�)o - ((otVh)eh, ox�)o - (VhOteh, ox�)o·
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By integrating from 0 to t and using � = ox� = 0 at t = 0, we deduce

� Ilox�(t)116 + � 11�(t)116 + fat Ilot�(s)116 ds

= (u(t)�(t), ox�(t))o + (Vh(t)eh(t), ox�(t))o -fat (Otp(s), Ot�(s))o ds

+ A fat (fh(S),Ot�(s))o ds -fat (�(s)Otu(s),ox�(s))o ds -fat (u(s)Ot�(s):ox�(s))o ds

-fat ((OtVh(s))eh(s),ox�)o -fat (Vh(s)Oteh(s),ox�)o =: 51 + ... + 38. (5.2.40)

Recalling (4.2.2) and using the Holder inequality, we estimate 51, 35 and 36 as

1511::; IluIIUXl(LOO) 11�(t)llo Ilox�(t)llo < C 11�llioo(HO) + o« Ilox�(t)116:

1351::; lIotuIILOO(LOO) (fat 1I�(s)llo Ilox�(s)lIo dS) ::; C (11�llioo(HO) + 11�lli2(Hl)) ,

1361::; IluIILOO(LOO) fat IIOt�(s)llo Ilox�(s)llo ds ::; c. fat IIOt�(s)116 ds + C 11�lli2(Hl) .

Similarly, by using Lemma 5.2.1 and (5.2.29) we estimate 32, f17 and 38 as

1321 < IlVhIILOO(LOO) Ileh(t)llu(o) Ilox�(t)IIL2(O) < C (117J(t)116 + 11((t)116) + c. Ilox�(t)116

< C (1I''7llioo(HO) + Ilpllioo(HO) + 1I�llioo(HO)) + c. Ilox�(t)116,

1371 < fat IlotVh(S)IILoo(n) Ileh(s)llo Ilox�(s)llo ds

::; IlehIILOO(HO) IIOtVhllu(LOO) IIOx�IIL2(HO)
< C (1Iehllioo(HO) + Ilox�lli2(HO)) < C (117Jllioo(HO) + 11(llioo(HO) + Ilox�lli2(HO))
< C (11''7llioo(HO) + Ilpllioo(HO) + 11�llioo(HO) + 11�lli2(Hl)) ,

and

1381 < IlVhllu"'(LOO) .f Iloteh(S)llo Ilox�(s)llo ds

< c. fat Iloteh(S)116 ds + C Ilox�lli2(HO)

::; C .lat Ilot7J(s)116 ds + Cf.f Ilot((s)116 ds + C 11�lli2(Hl)

< C (1Iot7Jlli2(HO) + IlotPlli2(HO) + 11(lli2(Hl)) + c. fat Ilot((s)1I6 ds,
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where in the last inequality we used (5.2.31). Finally,

and

1341 :::; C Ilpllioo(HO) + 11�llioo(HO) + c. fat Ilch�(s)ll� ds.

Hence, (5.2.40) becomes

� Ilox�(t)ll� + � 11�(t)ll� + lot Ilot�(s)ll� ds

:::; C (1I�llioo(HO) + 11�lIi2(Hl) + 11'lJllioo(HO) + Ilpllioo(HO) + Ilot'IJlli2(HO) + lIotPlli2(HO))
+ c, Ilox�(t)ll� + c« lot Ilot�(s)ll� ds.

By choosing f > 0 sufficiently small so that

v
- - Ce > 0 and 1 - Ce > 0,
2

we deduce

IIOx�(t)ll� + lot Ilot�(s)ll� ds :::; C (11�llioo(HO) + 11�lli2(Hl) + 11'lJllioo(HO) + Ilpllioo(HO)
+ lIot'IJlli2(HO) + IIOtPlli2(HO)) .

Thus, (5.2.38) follows from (5.2.32) and Lemma 5.2.2.

Step 3: Finally we prove

IIOt�IILOO(HO) + Ilot�IIL2(Hl) :::; Ch'Y (lIuIILOO(HP+l) + IlotuIILOO(HP+l) + IlvIlLOO(Hq+l)

+ IIOtvIILOO(HQ+l)) . (5.2.41)

By differentiating (5.2.35) with respect to t, noting

and rearranging the terms, we have

(Ott�, Wh)O + d(u; Ot�, Wh) = (�OtU, OxWh)o - (OttP, OxWh)O + ((OtVh)eh, OxWh)O

+ (VhOteh, OxWh)O + ,\ (otfh' Wh)o 'l/wh E V%.
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Setting Wh = 8t�, integrating from 0 to t, and using the coercivity of .0"(u;·,·) and

8t� = 0 at t = 0, we obtain

118t�(t)116 + fat 118t�(s)lli

::s: C (fat I (�(s)8tu(s), 8tx�(s))o I ds + fat I (8ttp(s), 8tx�(s))o I ds
+ fat I ((8tVh(s))eh(s), 8tx�(s))o I ds + fat I (Vh(s)8teh(S), 8tx�(s))o I ds
+ fat I (8t!h(s), 8t�(s))o Ids) =: Si + ... + 5'5.

The right-hand side can be estimated in the same manner as in the proof of Step 2, such

that

ISiI < 118tuIILOO(LOO) fat 11�(8)llo 118tx�(s)llo ds < C II�IILOO(HO) + CE 118t�(t)lli,

1321 < C 118ttPlli2(HO) + CE fat 118t�(s)lli ds,

15'51 ::s: C 118tPllioo(HO) + 118t�llioo(HO) + CE fat 118t�(s)lli ds,

and finally we estimate 33 and 34 as

1331 < fat 118tVh(S)IILOO(J.I) Ileh(S)llo 118tx�(s)llo ds

< IlehIILOO(HO) 118tVhll£2(LOO) 118tx�II£2(HO) < C (1Iehllioo(HO) + 118tx�lli2(HO))
::s: C (1ITlllioo(HO) + 11(llioo(HO) + 118tx�lli2(HO))
< C (1ITJllioo(HO) + Ilpllioo(HO) + 11�llioo(HO) + 118t�lli2(Hl)) ,

and
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where in the last inequality we used (5.2.31). Thus, we have

IIOt�(t)ll� + (1 - Cf) fat IIOt�(s)lli ::; C (11�lli=(HO) + IIOttPlli2(HO) + 111Jlli=(HO)
+ Ilpllioo(HO) + IIOt1Jlli2(HO) + IIOtPlli2(HO)
+ IIOt�lIi2(HO) + IIOtplli=(HO)) .

Choosing 1- Ce > 0, noting (5.2.32), (5.2.38) and Lemma 5.2.2, thus complete the proof

of the lemma. o

Combining the results in Lemmas 5.2.2 and 5.2.3 we are now ready to state the

a priori error estimates in the approximation of (5.1.7)-(5.1.8) by (5.1.12)-(5.1.13).

Theorem 5.2.4. Assume that u E W�(o, T; HJ(f?) n HP+l(f?)), and

v E W�(o, T; Hq+l(f?)). Assume further that V and Vh satisfy V - Vh = OtV - OtVh = 0

at t = O. Then, there exist positive constants C > 0 independent of h such that

Ileh(t)llj < Chmin(p+l-j,q+l) (1IuIIL=(HV+1) + IlvIILOO(Hq+l) + IlotvIIL=(Hq+l)),
Iloteh(t)llo + IIOtfh(t)llo ::; Chmin(p+l,q+l) (1IuIILOO(HV+l) + IlotuIIL=(HV+l) + IlvIILOO(Hq+l)

+ IlotvIILOO(Hq+l) ),
Iloteh(t)lll ::; cv=r«:» (1IuIILOO(HV+l) + IlvIILOO(Hq+l) + IlotvIILOO(Hq+l)))
Ilfh(t)llj ::; Chmin(p+l,q+l-j) (1IuIILOO(HV+l) + IlvIILOO(Hq+l) + IlotvIILOO(Hq+l))

and

fat Ilotfh(S)lll ds ::; Chmin(p+l,q) (1IuIILOO(HV+l) + IIOtuIILOO(HV+l) + IlvIILOO(Hq+l)

+ IIOtvIIL=(Hq+l))
for j = 0,1.

5.3 A posteriori error estimation

In this section, we design strategies to compute a posteriori error estimates from the

finite element solutions Uh and Vh computed by using (5.1.12)-(5.1.13).
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We approximate the true errors eh and th, see (5.2.16), by E E S�+l and F E S%+\
respectively. From (5.1.12)-(5.1.13) and (5.1.7)-(5.1.8), we infer that the true errors

satisfy

(5.3.1)

and

(8t!h(t), Wh)o + v (8x!h(t), 8xWh)O - (eh(t)!h(t), 8xWh)O - (Uh(t)!h(t), 8xWh)o
- (Vh(t)eh(t), 8xWh)o = -v (8xVh(t), 8xWh)o + (Uh(t)Vh(t), 8xWh)o

(5.3.2)

At t = 0, noting (5.1.9) and (5.1.14), we have

(5.3.3)

Due to (5.1.13), the right hand side of (5.3.2) vanishes. However, for the purpose of

developing a posteriori error estimates, we keep these terms in the equation as indication

of how the a posteriori error estimation should be.

By using the local inner product (2.2.1), we propose toapproximate the exact errors

eh and th, respectively, by E E S�+1 and F E S%+1, where E and F are computed locally

on Ql, l = 1, ... , N, by one of the following four methods.

Method (i): Nonlinear parabolic error estimate

Let E E S�+l and F E S%+1 be defined on Ql by

(5.3.4)

for any Xh E S�+ 1 and

(8tF(t), Wh)O,S11 + v (8xF(t), 8xWh)o,S11 - (E(t)F(t), 8xWh)o,S11 - (Uh(t)F(t),8xWh)O,S1(
- (Vh(t)E(t), 8xWh)O,S11 = (Uh(t)Vh(t), 8xWh)o,S11 - (8tVh(t), Wh)O,S1( (5.3.5)

for any Wh E S%+1 at t E (0, T]. An initial condition at t = ° is defined by

(5.3.6)
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Method (ii) : Nonlinear elliptic error estimate

Let E E S�+l and F E S%+l be defined on [ll by

(5.3.7)

for any h E S�+l and

1/ (oxF(t), OxWh)O,D1 - (E(t)F(t), OxWh)O,D1 - (Uh(t)F(t), OxWh)O,D1
- (Vh(t)E(t), Ox'Wh)O,D1 = (Uh(t)Vh(t), Ox'Wh)O,D1 - (atVh(t), Wh)O,D1 (5.3.8)

for any VJh E S%+l at t E (0, TJ. An initial condition at t = 0 is defined by

(5.3.9)

Method (iii): Linear parabolic error estimate

Let E E S�+l and F E S%+l be defined on [ll by

(5.3.10)

for any h E S�+ 1 and

(OtF(t), Wh)O,Dl + 1/ (OxF(t), OxWh)O,D1 - (Uh(t)F(t), OxWh)O,Dl
- (Vh(t)E(t), OxWh)O,D1 = (Uh(t)Vh(t), OxV)h)O,D1 - (atVh(t), Wh)O,fll (5.3.11)

for any Wh E S%+l at t E (0, TJ. An initial condition at t = 0 is defined by

(5.3.12)

Method (iv): Linear elliptic error estimate

Let E E S�+l and F E S%+l be defined on [ll by
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for any 'Xh E SK+ 1
and

1/ (OxF(t), OxWh)O,Jll - (Uh(t)F(t), OxWh)O,Jll - (Vh(t)E(t), OxWh)o,Jll
= (Uh(t)Vh(t), OxWh)O,Jll - (OtYh(t), Wh)O,Jll (5.3.13)

for any 'Wh E S%+l at t E (0, T]. An initial condition at t = 0 is defined by

(5.3.14)

for any Wh E S%+1.
We note that, in the computation of a posteriori error estimator F, an additional sav­

ing on the computation cost is obtained by neglecting the time rate of change in (5.3.5),

thus reducing the nonlinear parabolic equation of Method (i) by the nonlinear elliptic

equation (5.3.8) of Method (ii). Lastly, for Method (iii) and Method (iv), we neglect the

term (E(t)F(t), oxWh)O,Jll respectively in (5.3.5) of Method (i) and in (5.3.8) of Method

(ii) to have linear parabolic equation (5.3.11) and linear elliptic equation (5.3.13).

Since supp <Pl,k = nl, if'IjJ E HOUl) then the statement

is equivalent to

Hence, in fact (5.3.4)-(5.3.14) hold for the inner product on the whole domain n.

In order to emphasize on the polynomial degrees p and q, as in the remaining part

we will need different projection onto spaces. of different polynomial degree, we rewrite

[h,p := ti, E W�(O, T; VK) and Vh,q := Vh E W�(O, T; V%), where [h and Vh are defined

by (5.2.11)-(5.2.12).
Letting e such that

where Ileh(t)111 and Ilfh(t)lll are defined in Theorem 5.2.4 and letting E such that

E(t) := IIE(t)lll + IIF(t)111 ,
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we then define the effectivity index 8 as follows

8( ) = E(t)t
e(t)

.

We now state the main result of this section.

Theorem 5.3.1. Let Vh,q be defined by (5.2.12) and Vh,q E V% be defined by

(5.3.15)

Assume that the Conjecture 4.3.1 holds and assume that

e(t) 2: Chmin(p,q). (5.3.16)

Then the approximate errors E E S�+1 and F E S%+1 defined by Method (i)-Method (iv)

satisfy for almost all t E [0, T]
lim 8(t) = 1.
h-rO

We now provide the proof of Theorem 5.3.1, which is based on the following lemmas.

For the analysis, we define e E S�+1 and 1 E S%+1 such that for l = 1, ... , N

(5.3.17)

and

(5.3.18)

where J2il(u;,,·) is defined as d(u;·,·) but on ill,

Similar to the previous chapter, letting

(5.3.19)

we rewrite:

(5.3.20)

In the remaining part, we focus on estimating C, p and [ of (5.3.20). We note that

the estimates of 11((t)lll and 11�(t)lll are presented in Lemma 5.2.3. We also note that

from Lemma 4.3.3 we have

(5.3.21)
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We now focus the estimation of IIp(t)111' In general, we have

where Vh,q + 1 is not the elliptic projection Vh,q+1 of v into V%+\ see (5.2.12). However,

Vh,q + 1 approximates v with same order of convergence as Vh,q+ 1. In order to show

this we first attempt to obtain two superconvergence results (Lemma 5.3.2 and Lemma

5.3.3).

Lemma 5.3.2. Assume that v E W�(O, T; Hq+2(D)). Let Vh,q be defined by (5.2.12)
and Vh,q E V% be defined by (5.3.15). Then

(5.3.22)

and

(5.3.23)

Proof. Firstly, we prove (5.3.22). From (5.3.15) we have,

Noting that

and d(u' V;h - 'U Vih - Vh q) = 0 due to (5.2.12), we deduce
, .q +r ri.q ,

IlVh,q(t) - Vh,q(t)ll� = (Vh,q - v, Vh,q - Vh,q)o + � (U(Vh,q - v), 8xVh,q - 8xl\,q)0
A r

-

')-

-;; \Vh,q
- v, Vh,q - Vh,q 0

< IlVh,q(t) - v(t)llo IlVh,q(t) - Vh,q(t) 110
+ � IlVh,q(t) - v(t) 110 118xVh,q(t) - 8xVh,q(t) 110

+ � IlVh,q(t) - v(t)llo IlVh,q(t) - Vh,q(t)llo

::::; c IlVh,q(t) - v(t)llo IlVh,q(t) - Vh,q(t) 111 .
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This implies

and the desired estimate (5.3.22) followed from (5.2.20).
It remains to prove (5.3.23). By differentiating (5.3.15) with respect to t, we have

This together with (5.2.23) gives

II OtVh,q(t) - OtVh,q(t) II� = (OtVh,q - OtV, OtVh,q - OtVh,q\
= (OtVh,q - O(U, OtVh,q - OtVh,q) 0 + �d (u; OtVh,q - Ot'U, OtVh,q - OtVh,q)

+ � (U(OtVh,q - Ot'U) , OtxVh,q - OtxVh,q) 0 - � (OtVh,q - OtV, o,Vh,q - Otv",q)0
= (OtVh,q - OtV,OtVh,q - OtVh,q)O + � ((Otu) (Vh,q - v),OtxVh,q - OtxVh,q)O
+ � (U(OtVh,q - OtV), OtxVh,q - e:Vh,q)o - � (OtVh,q - Ot'U, OtVh,q - OtVh,q)o

< c( IIOtVh,q(t) - Otv(t)llo + IWh,q(t) - v(t)llo) IIOtVh,q(t) - OtVh,q(t) III '

implying

Thus, by noting that v - Vh = p, (5.3.23) follows from (5.2.21) and (5.2.20). 0

• q+l
Lemma 5.3.3. Let f E s; be defined by

(5.3.24)

where Vh,q is defined by (5.3.15). Assume ihai u E W�(O, T; Hq+2(D)) and the Conjec­

ture 4.3.1 is satisfied. Then there holds
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Proof. Let Vh,q+I E V%+I be defined by the same equation (5.3.15) with polynomial

degree q + 1 instead of q. Then, by using standard finite element arguments we have

Therefore, by using the triangle inequality we obtain

iialv(t) - a:vh,q(t) - aU(t)iiI
::::: iiatv(t) - a:Vh,q+l(t) iiI + iiaWh,q+I(t) - a:Vh,q(t) - J(t)iiI
::::: Chq+I + iia;Vh,q+l(t) - a:vh,q(t) - aU(t)iiI· (5.3.25)

The lemma will be proved if we can prove iiaWh,q+l(t) - afVh,q(t) - aU(t)iil ::::: cis»,

By noting that V%+l = V% EB S%+l, we can write Vh,q+I as

(5.3.26)

We also note that

This together with (5.3.24) and the definition of Vh,q+I gives

Ilaii)Vh,q+I(t) - aii)vh,q(t) - aU(t)ll:
= (aii)v - aii)Vh,q - aii) J), atvh,q+l - atvh,q - au) 1

( () (.) v
. v . - .

v) ((i) (i) V

i
V

i
-

i v)= at' v - at' Vh,q - au, a:Vh,q - a:Vh,q
1
+ at 11 - at Vh,q - ad, ad - ad

1

((i)
V (i) V i

V

i
-

i
V

)= at Vh,q+ 1
- at Vh,q - at f, atVh,q - at Vh,q

1

::::: Ilaii)Vh,q+l(t) - aii)vh,q(t) - aU(t)lll Ilaii)Vh,q(t) - a�i)Vh,q(t)lll .

This implies

With Conjecture 4.3.1, we obtain the required result. o

We are now able to estimate ilp(t)lIl and lIatp(t)lb·
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Lemma 5.3.4. If v E W�o(O, T; Hq+2(D)), then

IIp(t)lll � Chq+1llv(t)llq+2'
Ilotp(t)lll � cis+' (1Iv(t)llq+2 + Ilotv(t)llq+2)'

(5.3.27)

(5.3.28)

Proof. By using the coercivity of the bilinear form J<1'(u;" .), noting J<1'(u; .0, f) = 0 and

Holder's inequality, we have

IIp(t)lli � C J<1'(u; .0, v - Vh,q - f) = C J<1'(u; .0, v - Vh,q) = C J<1'(u; .0, v - Vh,q - j)

� C IIp(t)lllllv(t) - Vh,q(t) - j(t)lll'
implying

The desired estimate (5.3.27) now follows from (5.3.22) and Lemma 5.3.3 (at j = 0).
It remains to prove (5.3.28). The same argument as in the proof of Lemma 5.2.2

is used here. First we note that od is not the projection of OtP by the bilinear form

J<1'(u;" .). In fact, we have

(5.3.29)

Let f* E S�+l be defined by

J<1'(u;OtP- I*,Wh) = 0 YWh E S�+l. (5.3.30)

By using the triangle inequality, we have

IIOtp(t)lll � IIOtp(t) - l*(t)lll + 111*(t) - od(t) 111 =: 51 + $2. (5.3.31)

Noting (5.3.30) we have

.9i2 � CJ<1'(u; OtP - 1*, OtP - 1*) = CJ<1'(u; OtP - j*, Otp) = CJ<1'(u; OtP - j*, OtP - oti)

� C IIOtp(t) - j*(t)lll IIOtp(t) - oti(t) 111 1

implying

51 � C IIOtp(t) - oti(t) 111 = C IIOtv(t) - OtVh,q(t) - oti(t) 111
< C IIOt1\,q(t) - OtVh,q(t) 111 + C IIOtv(t) - OtVh,q(t) - oti(t) 111

� Chq+l (1Iv(t)llq+2 + IIOtv(t)llq+2) (5.3.32)
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due to (5.3.23) and Lemma 5.3.3 (at j = 1). To estimate 32, by referring to (5.3.30) and

using (5.3.29), we have

.922::; 0 d(Uj 1* - ad, 1* - ad) = 0 d(Uj ad5, 1* - ad) = 0 ((atu)p, ax (1* - ad))o
< 0 IIp(t)llo 11.f*(t) - ad(t) 111 '

implying

32 ::; 0 IIp(t)llo < Ohq+11Iv(t)llq+2·
Inequality (5.3.28) now follows from (5.3.32) and (5.3.33).

(5.3.33)

D

The following lemmas give the estimate of [ and 2: in the Hl(f2)-norm.

Lemma 5.3.5. Assume that u E W�(O, Tj HJ(f2)nHP+2(f2)), and V E W�(O, r, Hq+2(f2)).
Then the following estimates hold:

112:IIW�(Hl) < Oh"! (1IuIILoo(HP+2) + IlatuIILoo(HP+2) + IlvIILOO(HQ+2)
+ IlatvIILOO(HP+2)) (5.3.34)

and

II[IILOO(HO) + 11[IIL2(Hl) < cv (1IuIILOO(HP+2) + IlatuIILOO(HP+2) + IlvIILOO(HQ+2)
+ IlatvIILOO(HQ+2)) , (5.3.35)

where 0 = 0(>', t/, T) and"( = min(p + I, q + 1).

Proof. We present the proof only for the case that E and F are defined by (5.3.10) and

(5.3.11). It follows from (5.3.20) and (5.3.17) that for any'Xh E S%+1 we have

By orthogonality of the Legendre polynomials we have (axUh) axXh)o = O. Therefore,

rewriting eh = u - Uh, using (5.1.7) and (5.3.10) we obtain
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Recalling that v - Vh - F = P + [ + � we have

Substituting Xh = C E S�+1, using Holder's inequality and simplifying we deduce

IIOx((t)llo S; IIp(t)llo + 11[(t)llo + 11�(t)llo + Ilox((t)llo·

The Poincare inequality yields

11((t)111 S; C( IIp(t)llo + 11[(t)llo + 11�(t)llo + 11((t)111). (5.3.36)

By noting Lemma 5.3.4 and Lemma 5.2.3 we have

IICIIL=(Hl) S; Ch"i (1IuIIL=(HP+l) + IlotuIIL=(HP+l) + IIvIIL=(HQ+2) + IIOt1JIIL2(HQ+I))
+ II[IIL=(HO) .

Therefore, (5.3.34) is proved if we prove (5.3.35).

Noting the definition of [in (5.3.19) and using (5.3.11), for any Wh E st1 we have

(Ot[, Wh)O = (ad,Wh)o - (OtF, Wh)O
= (OtP, Wh)O - (Otp,Wh)o + 1/ (OxF,OxWh)o - (UhF, OxWh)o - (VhE,OxWh)O

- (UhVh, OxWh)o + (atVh, Wh)o·

Recalling that atVh = OtV - Odh and using (5.1.8) we have

(Ot[, Wh)o = (OtP, Wh)o - (OtP, Wh)o + 1/ (oxF, OxWh)O - (UhF, OxWh)O - (VhE, OxWh)o

- (UhVh, OxWh)o - 1/ (Oxv, OxWh)O + (uv, OxWh)O - (Odh' Wh)o

for any Wh E S%+l. By rearranging the terms, rewriting E = ry - r; - ( and F = P - P - [

we deduce

(Ot[, Wh)O = (OtP, Wh)o - (OtP, Wh)o - (UhF, OxWh)o - (VhE, OxWh)O - (UhVh, OxWh)O

+ (uv, OxWh)o - (Oth, Wh)O - 1/ (oxv - oxF, OxWh)o

= (OtP, Wh)O - (OtP, Wh)o - (Uh(p - P - [), OxU'h)o - (Vh(ry - r; - (), OxWh)O
+ (uv - UhVh, OxWh)o - (Odh' Wh)O - 1/ (dxv - dxF, dxWh)o· (5.3.37)



5.3 A posteriori error estimation 87

Since (8xVh, 8xWh)O = 0 due to the orthogonality of the Legendre polynomials there

holds by using (5.3.20), the definition of the bilinear form J41('U;.,.) and (5.3.18)

v (8xv - 8xF, 8xWh)o = v (8x(v - Vh - F), 8xWh)o = v (8x� + 8x(15 + �), 8xWh)o
= v (8x�, 8xWh)O + J41( 'U; P +�, Wh) + (u(p +h 8x1Vh)o
-A(p+�,'lh)o

= v (8x�, 8xWh)o + J41(u;�, Wh) + (u(15 + [), 8xWh)O
- A (15 + �,Wh)o . (5.3.38)

Noting that uv - UhVh = u(fh + Vh) - UhVh = ehv + hUh, it follows from (5.3.37) and

(5.3.38) that

(8t[, 'Wh)O + J41('U; [, Wh) = (OtP, Wh)O - (Ot15, 'Wh)O - (Uh(p - 15 - [), Ox'Wh)O
- (Vh(r] - fi - (), OxWh)O + (ehv, OxWh)o + (hUh, OxWh)o
- (Odh' Wh)O - V (ox�, OxWh)O - (u(15 + [), OxWh)O

\ (
- t A) W A sq+l+ /\ P + <" 'Wh 0 v'l1Jh E h . (5.3.39)

Substituting Wh = � E st1 and using Holder's inequality we obtain

�! 11[(t)ll� + a 11{(t)ll� -::; C( IIOtp(t)llo + IIOt15(t)llo + IIp(t)llo + IIP(t)llo + 11r](t)llo

+ Ilfi(t)llo + 11((t)llo + Ileh(t)llo + Ilfh(t)llo + Ilodh(t)llo

+ 11�(t)111) 11[(t)lll
-::; C( IIOtp(t)116 + Ilot15(t)ll� + IIp(t)116 + 1I15(t)116 + 11r](t)116

+ llfi(t)116 + 11�(t)1I6 + 1I((t)lli + Ileh(t)1I6 + 11!h(t)116

+ IIOdh(t)116 + 1I�(t)lIi) + Ce 11[(t)lll ' (5.3.40)

where in the last inequality we used (5.3.36) for the term 11((t)111· Thus, rearranging the

terms in (5.3.40), choosing f > 0 sufficiently small such that a - Ce > 0 and integrating
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from 0 to t we have

11[(t)ll� + lot 11[(s)ll� ds:::; C lot (1Ichp(s)116 + IIOtp(s)116 + IIp(s)116 + IIp(s)116 + 1177(S)116

+ 111](s)116 + 11�(s)116 + 11((s)lli + lIeh(S)116 + Ilfh(s)116
+ IIOt!h(s) 116 + 11�(s)lli) ds.

Hence, the desired estimate (5.3.35) followed by noting Lemma 5.2.2, Theorem 5.2.4,

Lemma 5.2.3, (5.2.32) and Lemma 5.3.4. o

In the remaining part of this section, we estimate II [(t) Ill'

Lemma 5.3.6. Let the assumption in Lemma 5.3.5 be satisfied. Then for any t > 0,

there holds

11[IILOO(Hl) + IIOt[IIL2(HO) < on: (1IuIILOO(HP+2) + IIOtUIILOO(HV+2) + IlvIILOO(HQ+2)
+ IIOtVIILoo(HQ+2)) ,

where C = C(>', v, T) and I = min(p + 1, q + 1).

Proof. Substituting Ulh = Ot[ E S�+l in (5.3.39) gives

IIOt[(t) II� + d(U; [, Ot[) = (OtP, Ot()o - (OtP, Ot[)o - (Uh(p - P - [), Otx()o
- (Vh(ry - 1] - (), Otx[) 0 + (ehv, Otx()o + (!hUh) Otx()o
- (Ot!h, Ot()o - v (Ox�, Otx()o - (u(p + [), Otx()o
+ x (p + [, Ot()o'

Integrating from 0 to t; noting

v d - 2 >. d - 2 d
(- t\ (- t\

d(u;[,Ot[) ="2 dt IIOx�(t)llo +"2 dt 11�(t)llo -

dt U�,Ox�/o + �OtU,ox�/o

+ (UOt{, Ox() 0 '

and rearranging the terms give

(5.3.41)
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where

o9i = (u(t)[(t),ox[(t);, 372 = - fat ([(s)ihv.(s),ox[(s);o ds,

33 = - fat (UOt[(S),Ox[(S);O ds, 54 = fat (Otp(S),Ot[(S);O ds,

3'5 = - fat (Otp(S), Ot[(S ) ; 0 ds, 5'6 = - fat (Uh (S) (p(S) - p(S) - [(s) ), Otx[(s) ; 0 ds,

!J7 = - fat (Vh(S)(1](S) - fj(S) - ((S)),Otx[(S);O ds, 38 = fat (eh(S)V(S),Otx[(S);O ds,

gg = fat \!h(S)Uh(S),Otx[(S);O ds, o9io = - fat (Ot!h(S),Ot[(S);O ds,

o9il = - fat 1/(Ox�(S),Otx[(S);O ds, 09i2 = - fat (U(S)(p(S) + [(S)),Otx[(S);O ds

and

It suffices to estimate those terms on the right hand side containing Otx[. These terms

can be estimated by

5'6 = (Uh(t) (p(t) - p(t) - [(t)) , ox[(t);o - fat ((OtUh(S)) (p - P - [) (s), ox[(s);o ds

- .it (Uh(S)Ot (p - P - [) (s), ox[(s);o ds,

!J7 = (Vh (t) C'7( t) - fj(t) - ((t)), Ox[(t); 0 - .{ ((otVh(s)) (1] - fj - () (s), Ox[(s)}o ds

- .{ (Vh(S)Ot (1] - fj - () (s), Ox[(s)}o ds,

38 = (eh(t)v(t),Ox[(t)}o -
{t (Oteh(S)'U(S),Ox[(S)}o ds -It (eh(S)OtV(S),ox[(s)}o ds,
.fo 0

gg = (!h(t)Uh(t),Ox[(t);o - fat (Ot!h(s)Uh(s),ox((s)}o ds

- fat (!h(S)OtUh(S),Ox((S);o ds,

o9il = 1/ (Ox�(t), Ox((t);o - 1/ fat (Otx�(s), Ox[(s)}o ds,

09i2 = (u(t) (p(t) + [(t)), Ox[(t);o - fat ((OtU(S)) (p + [) (s), Ox[(s);o ds

- fat (u(s)ot(p+[) (s),Ox{(s);o ds.
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By using Holder's inequality on these terms, we have

1361 + ... + 1391 + 15111 + 15121::::: Ch2,,( (11'Ullioo(HP+2) + IIOt'Ullioo(HP+2) + Ilvllioo(HQ+2)
+ IIOtVllioo(HQ+2)) + c. IIOx�(t)II�.

The remaining terms are estimated in a simpler. Thus, (5.3.41) yields

(� - Cf) IloX�II�oo(HO) + � 11�II�oo(HO) + (1 - Cf) IIOt�II�2(HO)
::::: Ch2,,( (11'Ullioo(HP+2) + IIOt'Ullioo(HP+2) + Ilvllioo(HQ+2) + IIOtVllioo(HQ+2))
+ C (1IOtPlli2(HO) + IIOtPlli2(HO) + Ilodhlli2(HO) + Ilplli2(HO) + 11�11�2(HO)) .

Letting f > 0 sufficiently small such that

1/
- - Ce > 0 and 1 - Ce > 0,
2

noting Lemma 5.2.2, Lemma 5.3.4, Theorem 5.2.4, and Lemma 5.3.5 thus the proof is

completed. o

Proof of Theorem 5.3.1

We are now ready to prove the main result stated in the Theorem 5.3.1.

Proof. By referring to (5.3.20) and using the triangle inequality, we deduce

E(t) I (1IE(t)111 + IIF(t)111) - (1Ieh(t)111 + 11!h(t)111) I
18(t) - 11 = e(t)

- 1 =

le(t)1

IIIE(t)lIl - Ileh(t)111 I + IIIF(t)lll - IIfh(t)lIl I
<�------c--',c------�
- le(t)1
Ilfl(t)lll + IIC(t)lll + 11((t)lll + IIp(t)lll + 11[(t)lll + 11�(t)lll

::::: le(t) I
.

By using (5.3.21), Lemma 5.3.4, Lemma 5.3.6, Lemma 5.3.5, and Lemma 5.2.3 we

infer

18(t) - 11::::: Ch,

thus proving the theorem. o
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5.4 Implementation issues

In this section, we show the computation of (Uh, Vh) by using (5.1.12)-(5.1.14) and

(E, F) by using the linear parabolic (Method (iii)) and linear elliptic (Method (iv)) error

estimates introduced in Section 5.3. The results in this section have been reported in [52J.
With (Pt,k , l = 1, ... , Nand k = 1,2, ... , defined by (2.4.2)- (2.4.4), the approximate

solutions (Uh, Vh) can be represented as

N N p

Uh(x, t) = I: U1,1(t)¢1,1(X) + I: I: U1,k(t)¢I,k(X),
1=2 1=1 k=2

N+1 N q

Vh(X, t) = I: Vb(t)¢/,l(X) + I: I: Vi,k(t)¢/,k(X).
1=1 [=1 k=2

Recalling the L2_ inner products a���" o:���, and j{I�, which are defined by (4.4.1)­

(4.4.3), matrices M�, S�, B�'TI' and vectors UI and Vi introduced in Section 4.4, then

the matrix representation of (5.1.12)-(5.1.13) is of the form

SpU(t) = Bp,qV(t), (5.4.1)

MqOtV(t) + vSqV(t) = G (U(t), V(t)) . (5.4.2)

Here, the vector G (U, V) is an (Nq + 1) x 1 vector defined by

G(U, V) = [G(O), G(l), ... ,Q(N)JT,

where

and

for l = 1, ... , N. We use the Matlab ODE solver to solve (5.4.1)-(5.4.2). Therefore the

right hand side of (5.4.2) is computed by first solving (5.4.1) for a given V(t).

In this section, we discuss the computation of (E, F) which have the forms

N

E(x, t) = I: s, (t)¢I,p+l (x)
1=1

N

and F(x, t) = L Fl(t)¢I,q+l(X),
1=1
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Equations (5.3.11) and (5.3.10) are rewritten as

(8tF(t), ¢1,q+I)O,J21 + V (8xF(t), 8x¢l,q+l)O,J21 - (Uh(t)F(t), 8X¢I,q+I)O,J21
- (Vh(t)E(t), 8X¢I,q+l)O,J21 = (Uh(t)Vh(t), 8x¢l,q+l)O,J21 - (8tVh(t), ¢1,q+I)O,J21 (5.4.3)

and

(5.4.4)

By using the notations (4.4.11)-(4.4.18) introduced in Section 4.4 and letting

q

(8tVh(t), ¢1,q+l)O,J21 = 8tVi+I,I(t)o:i;q�11 + L 8tVi,k'(t)O:�;,q+1 .= T7,
k'=1

equation (5.4.3) is rewritten as

Moreover, (5.4.4) can be rewritten as

Then, by using the Backward Euler Formulation, we compute Fl(tj) recursively by

where
hi

m = ---------

(2q + 3)(2q - l)(tj - tj-I)
and tj = j/j,t for j = 1,2,3, .... The time step 6t is chosen to be not less than h.

By using Method (iv), a similar way is used to computed the error estimator E.

However, error estimator F is computed differently. By using (5.3.13) and the above

notations, we compute Fl(tj) of Method (iv) for l = 1, ... , N as follows.
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5. 5 Numerical experiment

In this section, we present numerical results obtained when solving (5.1.1) - (5.1.3) whose

exact solution (u, v) is

( )
2v7ra sin(7rx)

u x t = -----'--
,

2 + acos(7rx)
and

v(x t) = 2v7r2acos(7rX)
+

2v(7ra)2 sin(7rx)2
,

2 + acos(7rX) (2 + acos(7rx))2
'

where a = exp( -7r2vt) and initial value 'Uo is given by

() 2v7rsin(7rx)
Uo x = ----'--"'-

2 + cos(7rx)'

In the following, we choose p = q + 1. We obtain satisfactory numerical results for

a range of V = [0.01,1]. We compute for large and small values of u, for example for

1/ = 1.0,0.5,0.05 and V = 0.01.

In the numerical experiments, we compute the approximate solution (Uh, Vh) by

solving (5.1.12)-(5.1.14). After that, we compute the error eh and fh to check on the

order of convergence given by Theorem 5.2.4. Finally, we compute the error estimation

E and F by using the linear parabolic (Method (iii)) and linear elliptic (Method (iv))

a posteriori error estimates introduced in Section 5.3.

In Table 5.1, Table 5.3, Table 5.5 and Table 5.7, we present the exact errors Ileh(t)111

and Ilfh(t)lll at t = 0.8 for V = 1.0,0.5,0.05 and 0.01 respectively. As predicted by

Theorem 5.2.4, the convergence rates are Ileh(t)111 = O(hP) and Ilfh(t)lll = O(hP-1).

In Table 5.2, Table 5.4, Table 5.6, and Table 5.8 we present the computed exact error

e and a posteriori error estimate E at t = 0.8 for V = 1.0,0.5,0.05 and 0.01 respectively.

We note that for Method (iii) we choose l:ot = 0.4.

Figure 5.1, Figure 5.3, Figure 5.5 and Figure 5.7 represent the effectivity indices eat

t = 0.8 respectively for V = 1.0,0.5,0.05 and 0.01, where Method (iii) is implemented to

compute the error estimate (E, F). On the other hand, Figure 5.2, Figure 5.4, Figure 5.6

and Figure 5.8 represent the effectivity indices computed by using Method (iv).
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dof., dofv p q N Ileh(t) III "'u 11!h(t)lll ""v

39 21 20 2.2651E-04 2.7298E-03

79 41 40 5.6836E-05 1.995 1.3407E-03 1.026

159 81 80 1.4221E-05 1.999 6.6726E-04 1.007
2 1

199 101 100 9.1023E-06 1.999 5.3351E-04 1.002

319 161 160 3.5554E-06 2.000 3.3324E-04 1.001

59 41 20 4.2389E-07 5.4027E-05

119 81 40 5.2246E-08 3.020 1.3510E-05 1.999
3 2

179 121 60 1.5442E-08 3.006 6.0046E-06 2.000

239 161 80 6.5658E-09 2.973 3.3777E-06 2.000

299 201 100 3.4812E-09 2.844 2. 1617E-06 2.000

19 16 5 9.6823E-07 4.5721E-05

39 31 10 6.0520E-08 3.999 5.7343E-06 2.995
4 3

59 46 15 1.2031E-08 3.984 1.700 lE-06 2.998

79 61 20 3.9962E-09 3.831 7.1740E-07 2.999

Table 5.1: The orders of convergence "'u and "'vat II = 1.0 and t = 0.8.

1.02�-�-----.--,----'-----:r------'---'---'

0:98

.

] 0.96
r-

Figure 5.1: Effectivity indices e by Method (iii) (refer to Page 78), at II = 1 and t = 0.8

with different values of h.

0.94

0.92

0.90L.------1.20--4_L_0-----::60::---;;;;80----;100;;;--�120;;--�1;-;,:40;-----;;:160
11h
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p h e(l)
Method (iii) Method (iv)

q
E(t) E(t)

1/20 2.9563E-03 2.6751E-03 2.6543E-03

1/40 1. 3975E-03 1.3359E-03 1.3333E-03
2 1

1/80 6.8148E-04 6.6719E-04 6.6687E-04

1/100 5.426lE-04 5.3361E-04 5.3345E-04

1/160 3.3680E-04 3.3337E-04 3.3333E-04

1/20 5.4450E-05 5.4318E-05 5.4218E-05

1/40 1.3562E-05 1.3542E-05 1.3536E-05
3 2

1/60 6.0201E-06 6.0139E-06 6.0126E-06

1/80 3. 3842E-06 3.3815E-06 3.381lE-06

1/160 2.1652E-06 2. 1636E-06 2. 1635E-06

1/5 4.6689E-05 4.670lE-05 4.6056E-05

1/10 5.7948E-06 5.7829E-06 5.7629E-06
4 3

1/15 1. 712lE-06 1.7089E-06 1.7063E-06

1/20 7.2139E-07 7.2004E-07 7.194lE-07

Table 5.2: Values of E by Method (iii) and Method (iv) at v = 1.0 and t = 0.8.

0.880l_--'-20--4l---0-___L6o----:'80'----1�00-�120=------,':::40----,�160
1/h

0.98

0.96

.

� 0:94

0.92

0.9

Figure 5.2: Effectivity indices e by Method (iv) (refer to Page 78), at v = 1 and t = 0.8

with different values of h.
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dof., dof, p q N Ileh(t) III "'u 11J,,(t)III "'v

39 21 20 l.0569E-03 2.5964E-02

79 41 40 2.6461E-04 l.998 l.2950E-02 l.004

159 81 80 6.6178E-05 l.999 6.4709E-03 l.001
2 1

319 161 160 l.6546E-05 2.000 3.2349E-03 l.000

639 321 320 4.1362E-06 2.000 l.6174E-03 l.000

1279 641 640 l.0337E-06 2.000 8.0869E-04 l.000

59 41 20 4.1212E-06 5.3291E-04

119 81 40 5.1435E-07 3.002 l.3327E-04 l.999
3 2

179 121 60 l.5235E-07 3.000 5.9232E-05 2.000

239 161 80 6.4264E-08 3.000 3.3319E-05 2.000

479 321 160 8.0457E-09 2.998 8.3298E-06 2.000

39 31 10 6.3273E-07 5.9950E-05

59 46 15 l.2501E-07 3.999 l.7779E-05 2.998
4 3

79 61 20 3.9573E-08 3.998 7.5030E-06 2.999

99 76 25 l.6230E-08 3.994 3.842IE-06 2.999

119 91 30 7.8736E-09 3.967 2.2236E-06 3.000

Table 5.3: The orders of convergence /'l'u and K,v at 1/ = 0.5 and t = 0.8.

o.sss

III

ii 0.98
I--

0.975

0.97

0;965

0.96 L_---'------'---_,____-4-'0-O--5_'_00--60�0-----::'100o 100 200 300 .

l/h

Figure 5.3: Effectivity indices e by Method (iii) (refer to Page 78), at 1/ = 0.5 and

t = 0.8 with different values of h.
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h e(t)
Method (iii) Method (iv)

p q
E(t) E(t)

1/20 2.7021E-02 2.6042E-02 2.5928E-02

1/40 1.3214E-02 1. 2980E-02 1.2966E-02
2 1

1/80 6.5371E-03 6.4799E-03 6.4782E-03

1/160 3.2515E-03 3.2374E-03 3.2372E-03

1/320 1.6215E-03 1.6180E-03 1.6180E-03

1/640 8.0973E-04 8.0886E-04 8.0885E-04

1/20 5.3704E-04 5.3538E-04 5.3478E-04

1/40 1. 3378E-04 1.3356E-04 1.3352E-04
3 2

1/60 5.9384E-05 5.9318E-05 5.9311E-05

1/80 3.3383E-05 3.3355E-05 3.3352E-05

1/160 8.3378E-06 8.3342E-06 8.3341E-06

1/10 6.0582E-05 6.0393E-05 6.0233E-05

1/15 1.7904E-05 1.7862E-05 1.784IE-05
4 3

1/20 7.5425E-06 7.5286E-06 7.5237E-06

1/25 3.8583E-06 3.8524E-06 3.8508E-06

1/30 2.2315E-06 2.2285E-06 2.2279E-06

Table 5.4: Values of E by Method (iii) and Method (iv) at II = 0.5 and t = 0.8.



Table 5.5: The orders of convergence "'u and "'vat v = 0.05 and t = 0.8.
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h e(t)
Method (iii) Method (iv)

p q
E(l) E(t)

1/20 6. 7606E-02 6.6942E-02 6.6543E-02

1/40 3.3530E-02 3.3357E-02 3.3308E-02
2 1

1/80 1.6695E-02 1.6651E-02 1.6645E-02

1/160 8.3298E-03 8.3187E-03 8.3180E-03

1/320 4.1604E-03 4.1577E-03 4. 1576E-03

1/640 2.079IE-03 2.0784E-03 2.0784E-03

1/20 2.884IE-03 2.8725E-03 2.8671E-03

1/40 7.1961E-04 7.1826E-04 7. 1792E-04
3 2

1/60 3.1953E-04 3.1914E-04 3.1907E-04

1/80 1.7964E-04 1.7948E-04 1. 7946E-04

1/160 4.4872E-05 4.4852E-05 4.4851E-05

1/20 1.0356E-04 1.0330E-04 1.0319E-04

1/40 1. 2942E-05 1.2927E-05 1.2923E-05
4 3

1/60 3.8329E-06 3.8300E-06 3.8295E-06

1/80 1.6167E-06 1.6156E-06 1.6155E-06

1/100 8.2767E-07 8.2714E-07 8.2710E-07

Table 5.6: Values of E by Method (iii) and Method (iv) at 1/ = 0.05 and t = o.s.
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Figure 5.5: Effectivity indices e by Method (iii) (refer to Page 78), at v = 0.05 and

t = 0.8 with different values of h.
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Figure 5.6: Effectivity indices e by Method (iv) (refer to Page 78), at v = 0.05 and

t = 0.8 with different values of h.
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dof., dof; p q N Ileh(t) III Ku Ilfh(t)lll K,'V

39 21 20 2.7155E-04 3.0153E-02

79 41 40 6.7352E-05 2.011 1.5085E-02 0.999

159 81 80 1.6804E-05 2.003 7.5435E-03 1.000
2 1

199 101 100 1.0752E-05 2.001 6.0349E-03 1.000

319 161 160 4.1988E-06 2.000 3.7719E-03 1.000

59 41 20 1.2647E-05 1. 6474E-03

119 81 40 1.5915E-06 2.990 4. 1308E-04 1.996
3 2

179 121 60 4.7214E-07 2.997 1.8369E-04 1.999

239 161 80 1.9927E-07 2.999 1.0335E-04 1.999

299 201 100 1.0205E-07 3.000 6.6148E-05 2.000

39 31 10 6.2309E-06 5.8969E-04

59 46 15 1.2437E-06 3.974 1.7675E-04 2.972
4 3

79 61 20 3.9485E-07 3.988 7.4857E-05 2.986

99 76 25 1.6198E-07 3.993 3.8396E-05 2.992

119 91 30 7.8178E-08 3.996 2.2242E-05 2.995

Table 5.7: The orders of convergence Ku and Kv at u = 0.01 and t = 0.8.

1.D1
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Figure 5.7: Effectivity indices e by Method (iii) (refer to Page 78), at lJ = 0.01 and

t = 0.8 with different values of h.
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p q h e(t)
Method (iii) Method (iv)

E(t) E(t)
1/20 3.0424E-02 3.0648E-02 3.0455E-02

1/40 1.5152E-02 1.5175E-02 1.5148E-02
2 1

1/80 7.5603E-03 7.5610E-03 7.5575E-03

1/100 6.0457E-03 6.0454E-03 6.0436E-03

1/160 3.7761E-03 3.7756E-03 3.7752E-03

1/20 1.6600E-03 1.6524E-03 1.6487E-03

1/40 4. 1467E-04 4.1382E-04 4. 1359E-04
3 2

1/60 1.8416E-04 1.8393E-04 1.8388E-04

1/80 1.0355E-04 1.0345E-04 1.0343E-04

1/100 6.6250E-05 6.6200E-05 6.6194E-05

1/10 5.9592E-04 5.9118E-04 5.8819E-04

1/15 1.7800E-04 1.7720E-04 1. 7680E-04
4 3

1/20 7.5252E-05 7.5024E-05 7.4927E-05

1/25 3.8558E-05 3.8470E-05 3.8438E-05

1/30 2.2320E-05 2.2279E-05 2.2266E-05

Table 5.8: Values of E by Method (iii) and Method (iv) at 1/ = 0.01 and t = 0.8.
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Figure 5.8: Effectivity indices e by Method (iv) (refer to Page 78), at 1/ = 0.01 and

t = 0.8 with different values of h.



Chapter 6

Adaptive schemes: numerical

studies

In this chapter, we focus on the numerical studies of adaptive schemes for the BBM and

Burgers equations. The chapter begins with an introduction on adaptive schemes for

finite element methods. Then, we explain the adaptive procedures implement in this

study in Section 6.2. The chapter ends with numerical experiments of adaptive schemes

for the BBM and Burgers equations.

6.1 Introduction

Adaptive schemes of finite element methods for numerical solutions of partial differential

equations are considered as a standard tool in science and engineering to achieve better

accuracy with minimum degrees of freedom. The adaptive scheme for one dimensional

boundary value problems is studied in 1984 by Babuska et. al [9]. Details on the theory

of adaptive finite element methods can be found in [42]. Studies about adaptive schemes

with mixed finite element methods have been carried out in [15, 22, 24, 26, 51]; see also

the references therein.

When solving a BVP by any approximation technique, a scheme is required to guide

us on the accuracy of our approximate solutions. By using adaptive schemes of finite

element methods, we try to automatically refine a mesh to achieve approximate solutions



6.1 Introduction 104

having a specified accuracy in an optimal way. In general, the computation typically

begins with a trial set of approximate solutions generated on a coarse initial mesh. The

error estimate of theRe solutions is appraised. If the error estimate fails to satisfy the

prescribed accuracy, refinements are made with a goal to obtain the desired approximate

solutions with minimal effort.

In this study, we use (h-type) adaptive mesh refinement schemes for the BBM and

Burgers equations. We refer to Chapter 4 and Chapter 5 for a posteriori error estimations

of H1MFEM for the BBM and Burgers equations, respectively.

The aim of the adaptive scheme is to generate better approximations of the exact

solutions. The basic idea of the adaptive schemes is, given the approximate solution,

to create a refined partition (mesh) by subdividing elements where the error estimators

indicate that the errors are large. Then, on this refined partition, the next approximate

solution is computed. The process is repeated until the desired accuracy of approxi­

mate solution is obtained. The final outcomes of the adaptive scheme are the refined

mesh and accurate approximate solutions. A principal tool for this adaptive scheme is

the availability of local (elementwise) error estimates, namely local a posteriori error

estimators.

An adaptive scheme of a finite element method consists of successive loops of the

following form:

Figure 6.1: Four steps of an adaptive scheme.

The step Solve involves the computation of the approximate solution. Given the

number of elements, the H1MFEM is applied to compute the approximate solution.

The a posteriori error estimation is an essential part of the second step, namely

Estimate. By using the approximate solution generated in step Solve, we compute

a posteriori error estimators locally on each element. These a posteriori error estimators

will be used in the Mark step. The a posteriori error estimates are then used to appraise

the accuracy of the approximate solution and to control the adaptive enrichment through
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the refinement process.

In the third step, Mark, we perform an evaluation process on a posteriori error

estimators of step Solve. Given a tolerance 8, we check the global a posteriori error

estimator. If the global a posteriori error estimator is larger than the tolerance 8, then

we appraise <P largest local a posteriori error estimators, <P = 1,2,3, ... , where <P is

decided by the user. The elements of these respective local a posteriori error estimators

are identified for a mesh refinement process in step Refine.

The adaptive strategy in Refine is based on halving the <P intervals where the local

a posteriori error estimators are the largest. After the refinement process, a new mesh

is generated. By using this finer mesh, the process is repeated and is terminated when

the global error estimator is smaller than the assigned tolerance 8.

6.2 Adaptive procedure

In this section, we are now more specific on the adaptive procedure used in this study.

We consider examples for the BBM and Burgers equations. For the BBM equation, we

refer to the numerical example in Section 4.5. For the Burgers equation, the numerical

example in Section 5.5 with v = 0.5 is considered.

Figure 6.2 shows the general adaptive process applied to the following numerical

results. The inputs are the number of elements N for initial mesh TO, the polynomial

degrees p and q respectively for Uhand Vh and the number of elements <P of the refinement

process. The polynomial degrees are fixed throughout this adaptive scheme.

For the readers convenience, we recall the equations which are used in both numerical

examples. Firstly, under the step Solve, we compute the values of (Uh, Vh) by using the

Galerkin equations of the problem. Recalling the notations defined in Section 4.4, the

approximate solution (Uh' Vh) of the BBM equation is computed by solving

SpU(t) = Bp,qV(t),

and

(Mq + �Sq) OtV(t) = H(U(t), V(t)).
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Inputs: N, p, q and <I?

YES

Outputs: o, and Vh

Figure 6.2: Adaptive process applied for the BBM and Burgers equations.
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Here, the vector H(U, V) is an (Nq + 1) x 1 vector defined by

H(U, V) = [H(O),H(l), ... ,H(N)]T
where

H(O) = [/�UV ) /1 ) / 1 ) ]
T

\ d
+ g, (hl 0' \ -;iUV + g, ¢2,l 0'···' \ -;iUV + g, ¢N+l,l

°

and

H(l) = [ \�UV + 9,¢1,2)0' \�UV + 9,¢1,3)0'···' \�UV + 9,¢I,q)JT
for l = 1, ... ,N. Similarly, for the Burgers equation, (Uh, Vh) is computed by solving

and

Here, the vector G (U, V) is an (Nq + 1) x 1 vector defined by

G(U, V) = [G(O), G(l), ... , G(N)]T,

where

and

G(l) = [(UV, ¢1,2)O 1 (UV, ¢1,3)O'···' (UV, ¢1,q)O]T.

Secondly, under the step Estimate, we compute the local a posteriori error estima­

tors (EI,FI) for l = 1, ... ,N. Noting the notations (4.4.11)�(4.4.18), letting
q

(OtxVh(t),Ox¢l,q+l)l,nl = OtVi+l,l(t)(ii:q�l + L OtVi,k'(t)a�;,q+l := Tg
k'=l

and q

(g(t), Ox¢l,q+l)o,nl = 91+l,1(t),Bi��11 + L 91,k'(t),B�;,q+l := TlO,
k'=l

the a posteriori error estimators of the BBM equation are computed by using

(6.2.1)
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and

Similarly, for the Burgers equation, (El, Fz) is computed by using

2 u

h{ E{(t)
= f3;+l,Q+lFl(t) + T3

and

� (2V)(2q + 3)(2q - 1) OtFI(t)
+

h;
- T4 Fl(t) - TsEI(t) = T6 - T7· (6.2.3)

After that, the global a posteriori error estimator (E, F) which is the summation of

the local a posteriori error estimators (Ell Fl), for l = 1, ... , N is appraised with the

assigned tolerances Ou and s; by checking

(6.2.4)

and

(6.2.5)

The process is terminated if (6.2.4) and (6.2.5) are satisfied. Otherwise, the process is

continue with Mark and Refine.

In step Mark, cI> largest local a posteriori error estimators, cI> = 1,2,3, ... , are

identified and appraised for marking process. In the following numerical experiments,

we perform the marking process only on the local a posteriori error estimators Ei. For

example, if (6.2.4) and (6.2.5) are not satisfied, we appraise cI> largest E{ in the marking

process.

For the refinement process in the step Refine, we introduce the Adaptive Method

(AM(cI»). We test the problems in two different ways, namely AM(l) and AM(3). The

first method is where we have cI> = 1, that is we refine only the largest local a posteriori

error estimator E; of the marked element. On the other hand, by using AM(3), we have

cI> = 3, i.e., three largest local a posteriori error estimators Ei of the marked elements

are refined. Figure 6.3 and Figure 6.4 illustrate examples of three refinement processes

(R1-R3) of both methods, which are applied to an initial mesh TO, at N = 10. The Xi,j
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Initial mesh 70

Mesh 71 by refinement R1

1---I--+--II·· .. t .. ··I---I--+--+--I---I----I

xi,l
Mesh 72 by refinement R2

Mesh 73 by refinement R3

����---+I�IIHr--�--+---���-*--�

xb

Figure 6.3: Refinement processes by Adaptive Method AM(l).

Initial mesh 70

Mesh 71 by refinement R1

1-----1-......--11 ... ·1 ... ·1-1_-1-__4----11 .. ··1 .. ··1····1· .. ·1---1

Xi,1 X2,1 X3,1
Mesh 72 by refinement R2

I-�f--�--+�I+'+-I_-+-_-I----il++-+-+H---I

xb X2,2 X3,2
Mesh 73 by refinement R3

I--�f--�--+I�111-1i1------1---+-11-41I'++�IH-I-I

X2,3 xb X3,3

Figure 6.4: Refinement processes by Adaptive Method AM(3).

values, for i = 1,2, .. , represent the new points introduced during the refinement process

Rj,j=1,2,3, ....

Then, the new mesh generated from these two steps (Mark and Refine) is used to

generate the new approximate solution in the step Solve. The process is repeated and

terminated when the desired accuracy of the approximate solution is obtained.
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6.3 Numerical experiments

The numerical results are computed by using three methods, namely AM(l), AM(3) and

Non-adaptive Method (NAM). Methods AM(l) and AM(3) are respectively the adaptive
schemes introduced in Section 6.2 (see Figure 6.3 and Figure 6.4). By using AIVl(l), we

consider an element (<T> = 1) for the refinement process, while using AM(3), we consider

three elements, (<T> = 3).
On the other hand, NAM represents cases with uniform meshes. In the Step Mark

and Step Refine of NAM, all dements are refined during each of the refinement pro­

cesses. For example, by using NAM with an initial mesh TO, at N = 10, we will have 10

new points {xi,l' X2,I' X3,1' ... ,xlo,l} during the first refinement process, RI. Similarly

with AM(l) and AM(3), the process is terminated if (6.2.4) and (6.2.5) are satisfied.

We compare the numerical results by AM(l) and AM(3) with the numerical results

by NAM. In the following numerical experiments, the coarse mesh TO of these methods

is started at N = 10.

6.3.1 Adaptive scheme for the Benjamin-Bona-Mahony equation

We perform the numerical experiments with different values of tolerances Ju and Jv·

Figure 6.5 and Figure 6.6 show the graphs of the exact solution (u, v) considered in

these numerical experiments.

Example 1 is computed with tolerances Ju = 5 X 102�p and Jv = 5 X 101�q. Table 6.1

shows the numerical results for p = 2 and q = 1. The number of elements, N represents

the total elements generated by each method after the number of refinements. The

number of refinements also represents the total number of problems required to solve, in

order to get the approximate solution at the assigned tolerances.

Based on the numerical results in Table 6.1, AM(1) and AM(3) produce compara­

ble error values with NAM. Even though NAM provides a slightly better error values,

the CPU time required is 22841s and number of elements N is 640. Meanwhile, only

2089s of CPU time and N = 156 by AM(l), and 296s of CPU time and N = 157 by

AM(3) are required for the error values. Note that, if we use a uniform refinement when
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3,-----,------T--�--�---- __

2.5

1--u(x.t)1

'2

N = 157, we have larger error values, which are Ileh(t)lll / Ilu(t)lll = 2.2866E-03 and

Il.fh(t) III / Ilv(t)lll = 6.0852E-02. In this case, the CPU time is smaller (59s) but the

accuracy is lower. Figure 6.7 and Figure 6.8 respectively show the final refined meshes

1

0.5

Oo�----�--��--�-----L--��----�0.2 0.4 0.6 0.8

x

at N = 156 by AM(l) and N = 157 by AM(3).

Example 2 is computed with tolerances Ou = 103-p and Ov = 102-Q• Table 6.2 shows

the numerical results of the three methods for p = 3 and q = 2. The error values by

NAM is slightly better than the error values by AM(l) and AM(3). However, 7566s of

Figure 6.5: The BBM equation: exact solution u(x, t).

AM(I) AM(3) NAM

N 156 157 640

Degrees of freedom u 311 313 1279

Degrees of freedom v 157 158 641

Number of refinements 146 49 6

CPU time (sec) 2089 296 22841

Ileh(tll11 /llu(tlIl1 9.5091E-04 7.9001E-04 1.3747E-04

11!h(t)lll/llv(t)lll 2.2375E-02 2.1463E-02 1.4930E-02

Table 6.1: Example 1 for the BBM equation at t = 0.8.
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40r------,-----.------�----__-- ___

I---v(x,ul
30

20

10

Of-----�--

1

CPU time and higher degrees of freedom for u and 'V are required to obtain the results.

Besides that, if a uniform refinement is used at N = 46, smaller CPU time (25s) is

required and the error values are larger, which are lieh(t)lll / Ilu(t)lll = 1.8845E-03 and

11!h(t)lll / Ilv(t)lll = 2.4319E-02. The final refined meshes of Example 2 by AM(l) and

AM(3) are respectively presented in Figure 6.9 and Figure 6.10.

-10

-20

-30

-40� -L.. __..J,-- -,- ___" __j

o 0.6 0.80.2 0.4

x

Figure 6.6: The BBM equation: exact solution v(x, t).

6.3.2 Adaptive scheme for the Burgers equation

Similarly, we perform numerical experiments for the Burgers equation. Figure 6.11 and

Figure 6.12 show the graphs of the exact solution (u,v) considered in these numerical

experiments.

We use tolerances 6u = lO-p-l and 6v = 1O-Q-2. Table 6.3 shows the numerical

results by the three methods for p = 2 and q = 1. Based on the numerical results,

the error values by NAM are obtained at N = 320 and are comparable with the error

values by AM(l) and AM(3), which are respectively obtained at N = 186 and N = 187.

If a uniform refinement at N = 187 is computed, we have Ileh(t)lll = 1.2113E-05 and

Ilfh(t)lll = 2.7678E-03. The CPU time for this result is 692s. Even though the CPU

time is shorter, the error values are at lower accuracy than the error values by AM(l)
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tI . . .. • . . . B �

Figure 6.7: Example 1 for BBM by Adaptive Method AM(l).

0.2 0.4 0.6 0.8
I
1o

I I '.IIIIIIIMI"IIIII"""III1i1111!1i11_IUIIiIiIIlllIlIlIllI1I1IIIIII I

Figure 6.S: Example 1 for BBM by Adaptive Method AM(3).

AM(l) AM(3) NAM

N 44 46 160

Degrees of freedom '/1, 131 137 479

Degrees of freedom v 89 93 321

Number of refinements 34 12 4

CPU time (sec) 229 114 7566

Ileh(t)lll / Ilu(t)lll 8.2403E-04 2.8256E-04 4.6186E-05

11.t'h(t) III / Ilv(t)lll 6.4244E-03 4.7040E-03 2.032IE-03

Table 6.2: Example 2 for the BBM equation at t = O.S.

and AM(3). Figure 6.13 and Figure 6.13 respectively represent the final refined meshes

by AM(l) and AM(3) for this example.

In the following examples, we use Ou = 1O-2p-2 and Ov = 1O-2Q. Table 6.4 shows the

numerical results for Example 2, where p = 3 and q = 2. Figure 6.15 and Figure 6,16

show the final refined meshes of AM(l) and AM(3) for this example. Note that, if a

uniform refinement at N = 97 is computed, the CPU time is 2093s and the error values

are Ileh(t)lll = 3.6051E-OS and Ilfh(t)lll = 2.2663E-05.

In conclusion, from the numerical results of the adaptive schemes for the BBM and

Burgers equations, we can see that desired accuracy of the approximate solution can
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. I I ; II' IIIHlIHHliIHlI-H+H++H-++-+-+--+----+
tL4 0.6 o.e 1

I
1

o 0.2

Figure 6.9: Example 2 for BBM by Adaptive Method AM(l).

o 0.2 OA 0.6 0.8

1

be obtained by using the adaptive schemes introduced in this study. Besides that, a

comparable accuracy of approximate solution with lower degrees of freedom is obtained

by using these adaptive schemes.

There are several issues that can be considered for the improvement of the adaptive

schemes. In the step Mark, we performed the marking process on the local a posteriori

error estimators El only. This is due to the equation we used to compute the local a pos­

teriori error estimators E; (see (6.2.1)), which involves information about Fi. Different

Figure 6.10: Example 2 for BBM by Adaptive Method AM(3).

0;035 ,-------,------,----.,-----�---

0.03

i--ll(X,t)i

0.025

0.02

0.2 OA 0.6 0.8

Figure 6.11: The Burgers equation: exact solution u(x, t).
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Figure 6.12: The Burgers equation: exact solution v(x, t).

marking processes can also be considered. For example, we can perform the marking

process on the local a posteriori error estimators Fl (see (6.2.2) and (6.2.3)) or on both

local a posteriori error estimators E; and Fi.

Lastly, in step Refine of these adaptive schemes, we refine a marked element by

halving it into two new clements. We consider two methods for the refinement process,

namely AM(l) and AM(3). Different values of <P may give better results. Optimal choice

of <P may be a subject of further study.
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AM(I) AM(3) NAM

N 186 187 320

Degrees of freedom u 371 373 639

Degrees of freedom v 187 188 321

Number of refinements 176 59 5

CPU time (sec) 12780 5575 22592

II ei; (t) III 8.1367E-06 8.065IE-06 4.1362E-06

11!h(t)lll 2.6714E-03 2.6573E-03 1.6174E-03

Table 6.3: Example 1 for the Burgers equation at t = 0.8.

IIHIIIIIIIIIIIIIIIIIUHIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII 1IIIIIIIIIillllllllllllllllllllllllllllllllllillHIIIIHIIHlllilift
o 0,2 0.4 0.6 0.8 1

Figure 6.13: Example 1 for Burgers by Adaptive Method AM(l).

o 0.2 OA 0.6 O.B 1
IllHnllllllllHlIlIlIIlIlIlHllllllllflllllllllllllllllHlllIllIlllIll1 IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIUIIIIIII"IIIIIIIIIIIIIIIIIIIIIIII

Figure 6.14: Example 1 for Burgers by Adaptive Method AM(3).

AM(l) AM(3) NAM

N 95 97 160

Degrees of freedom 1L 284 290 479

Degrees of freedom v 191 195 321

Number of refinements 85 29 4

CPU time (sec) 31284 10847 55027

Ileh(t)lll 1.8250E-08 1. 7577E-08 8.0457E-09

Ilfh(t)lll 9.5534E-06 9.2243E-06 8.3298E-06

Table 6.4: Example 2 for the Burgers equation at t = 0.8.
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Figure 6.15: Example 2 for Burgers by Adaptive Method AM(l).
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o 0.2 0.4 0.6 0.8 1

Figure 6.16: Example 2 for Burgers by Adaptive Method AM(3).



Chapter 7

Conclusion

In this thesis, we carried out the study of a priori and a posteriori error estimations

of mixed finite element methods for nonlinear equations. We focused on a priori and

a posteriori error estimations of HIMFEM for two one-spatial dimensional nonlinear

partial differential equations, namely the Benjamin-Bona-Mahony (BBM) and Burgers

equations (Chapter 4 and Chapter 5). We proved that the proposed a posteriori er­

ror estimates are efficient and the numerical results are consistent with our theoretical

results.

In Chapter 6, we conducted numerical studies of adaptive schemes for the BBM and

Burgers equations. We presented the procedure and numerical results of the adaptive

schemes for both equations, where the approximate solutions are computed by HIMFEM

and the a posteriori error estimations are proposed in Chapter 4 and Chapter 5 of this

thesis.

It is noted that the one dimensional time dependent incompressible Navier Stokes

equations which are studied using a sequential regularization method in [34J are almost

similar to the BBM equation considered in this study. Therefore, a posteriori error esti­

mation of HIMFEM for higher-spatial dimension of nonlinear partial differential equa­

tions such as the Navier Stokes equations or other nonlinear partial differential equations

may be a subject of further study.
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